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Chapter 1

Basics of Geometry

In this chapter, students will learn about the building blocks of geometry. We will start with what the basic
terms: point, line and plane. From here, students will learn about segments, midpoints, angles, bisectors,
angle relationships, and how to classify polygons.

1.1 Points, Lines, and Planes

Learning Objectives

e Understand the terms point, line, and plane.
e Draw and label terms in a diagram.

Review Queue

1. List and draw pictures of five geometric figures you are familiar with.
2. What shape is a yield sign?

3. Solve the algebraic equations.

(a) 4x—-7=29
(b) —3x+5=17

Know What? Geometry is everywhere. Remember these wooden blocks that you played with as a kid?
If you played with these blocks, then you have been “studying” geometry since you were a child.

How many sides does the octagon have? What is something in-real life that is an octagon?

Geometry: The study of shapes and their spatial properties.

1 www.ck12.org
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Building Blocks

Point: An exact location in space.

A point describes a location, but has no size. Examples:

A F

Table 1.1:
Label It Say It
A point A

Line: Infinitely many points that extend forever in both directions.

A line has direction and location is always straight.

Q g

%

Table 1.2:
Label It Say It
line g line g
>
PQ line PQ
>
QP line QP

Plane: Infinitely many intersecting lines that extend forever in all directions.

www.ck12.org 2
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Think of a plane as a huge sheet of paper that goes on forever.

A.
8
L]
B
Table 1.3:

Label It Say It
Plane M Plane M
Plane ABC Plane ABC

Example 1: What best describes San Diego, California on a globe?
A. point

B. line

C. plane

Solution: A city is usually labeled with a dot, or point, on a globe.
Example 2: What best describes the surface of a movie screen?

A. point

B. line

C. plane

Solution: The surface of a movie screen is most like a plane.
Beyond the Basics Now we can use point, line, and plane to define new terms.
Space: The set of all points expanding in three dimensions.

Think back to the plane. It goes up and down, and side to side. If we add a third direction, we have space,
something three-dimensional.

Collinear: Points that lie on the same line.

P Q R S T

< ~
< > W

P,O,R,S, and T are collinear because they are all on line w. If a point U was above or below line w, it
would be non-collinear.

Coplanar: Points and/or lines within the same plane.

3 www.ck12.org
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Lines i and i and points A, B,C, D,G, and K are coplanar in Plane 7.
Line KF and point E are non-coplanar with Plane 7.

Example 3: Use the picture above to answer these questions.

a) List another way to label Plane .

b) List another way to label line A.

c¢) Are K and F collinear?

d) Are E,B and F coplanar?

Solution:

a) Plane BDG. Any combination of three coplanar points that are not collinear would be correct.

b) jﬁ Any combination of two of the letters A, C or B would also work.

c) Yes

d) Yes

Endpoint: A point at the end of a line.

Line Segment: A line with two endpoints. Or, a line that stops at both ends.

Line segments are labeled by their endpoints. Order does not matter.

A
Table 1.4:
Label It Say It
AB Segment AB
BA Segment BA

Ray: A line with one endpoint and extends forever in the other direction.

A ray is labeled by its endpoint and one other point on the line. For rays, order matters. When labeling,
put endpoint under the side WITHOUT an arrow.

—

C

www.ck12.org 4
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Table 1.5:

Label It Say It
—
CD Ray CD
(—
DC Ray CD

Intersection: A point or line where lines, planes, segments or rays cross.

o 4 N 4

Example 4: What best describes a straight road connecting two cities?
A. ray

B. line

C. segment

D. plane

Solution: The straight road connects two cities, which are like endpoints. The best term is segment, or
C.

Example 5: Answer the following questions about the picture to the right.

mN',s

a) Is line [ coplanar with Plane V or ‘W?

b) Are R and Q collinear?

¢) What point is non-coplanar with either plane?

d) List three coplanar points in Plane ‘W.

Solution:

a) No.

b) Yes.

c)S

d) Any combination of P,O,T and Q would work.

Further Beyond This section introduces a few basic postulates.
Postulates: Basic rules of geometry. We can assume that all postulates are true.

Theorem: A statement that is proven true using postulates, definitions, and previously proven theorems.
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Postulate 1-1: There is exactly one (straight) line through any two points.

O p

—F

Investigation 1-1: Line Investigation

\

1. Draw two points anywhere on a piece of paper.
2. Use a ruler to connect these two points.
3. How many lines can you draw to go through these two points?

Postulate 1-2: One plane contains any three non-collinear points.

Postulate 1-3: A line with points in a plane is also in that plane.

m
4/""{/8."7
(W

Postulate 1-4: The intersection of two lines will be one point.

B G .sn

A [

Lines [ and m intersect at point A.

Postulate 1-5: The intersection of two planes is a line.

www.ck12.org 6
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When making geometric drawings, you need to be clear and label all points and lines.
Example 6a: Draw and label the intersection of line ;E?) and ray C—l>) at point C.

—
Solution: It does not matter where you put A or B on the line, nor the direction that CD points.

D

B

A

Example 6b: Redraw Example 6a, so that it looks different but is still true.

Solution:

C
A B

D

Example 7: Describe the picture below using the geometric terms you have learned.

Solution: AB and D are coplanar in Plane #, while BC and AC intersect at point C which is non-coplanar.

Know What? Revisited The octagon has 8 sides. In Latin, “octo” or “octa” means 8, so octagon,
literally means “8-sided figure.” An octagon in real-life would be a stop sign.

Review Questions

e Questions 1-5 are similar to Examples 6a and 6b.

e Questions 6-8 are similar to Examples 3 and 5.

e Questions 9-12 are similar to Examples 1, 2, and 4.

e Questions 13-16 are similar to Example 7.

e Questions 17-25 use the definitions and postulates learned in this lesson.

For questions 1-5, draw and label an image to fit the descriptions.

cD intersecting AB and Plane P containing AB but not CD.

Three collinear points A, B, and C and B is also collinear with points D and E.

— — — — — —

XY,XZ, and XW such that XY and XZ are coplanar, but XW is not.

Two intersecting planes, £ and Q, with GH where G is in plane £ and H is in plane Q.

Four non-collinear points, 1, J, K, and L, with line segments connecting all points to each other.
Name this line in five ways.

SN e
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'IH \
W
X
Y

7. Name the geometric figure in three different ways.
T

e

8. Name the geometric figure below in two different ways.

%

o J

rV

9. What is the best possible geometric model for a soccer field? Explain your answer.
10. List two examples of where you see rays in real life.
11. What type of geometric object is the intersection of a line and a plane? Draw your answer.
12. What is the difference between a postulate and a theorem?

For 13-16, use geometric notation to explain each picture in as much detail as possible.

13. P
R

Q

14.

oD

For 17-25, determine if the following statements are true or false.

17. Any two points are collinear.

www.ck12.org 8
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18. Any three points determine a plane.

19. A line is to two rays with a common endpoint.

20. A line segment is infinitely many points between two endpoints.
21. A point takes up space.

22. A line is one-dimensional.

23. Any four points are coplanar.

924. AB could be read “ray AB” or “ray “BA.”

25. jﬁ could be read “line AB” or “line BA.

Review Queue Answers

1. Examples could be triangles, squares, rectangles, lines, circles, points, pentagons, stop signs (oc-
tagons), boxes (prisms), or dice (cubes).
2. A yield sign is a triangle with equal sides.
3. (a) dx-7=29
4x = 36
x=9
(b) =3x+5=17
-3x=12
x=-4

1.2 Segments and Distance

Learning Objectives

e Use the ruler postulate.
e Use the segment addition postulate.
o Plot line segments on the x — y plane.

Review Queue

1. Draw a line segment with endpoints C and D.
2. How would you label the following figure? List 2 different ways.

(/,EL/E.”’ /
3. Draw three collinear points and a fourth that is coplanar.
4. Plot the following points on the x — y plane.

(a) (3,-3)

(b) (-4,2)
(c) (0,-7)
(d) (6,0)

Know What? The average adult human body can be measured in “heads.” For example, the average
human is 7-8 heads tall. When doing this, each person uses their own head to measure their own body.
Other measurements are in the picture to the right.

See if you can find the following measurements:

9 www.ck12.org
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e The length from the wrist to the elbow
e The length from the top of the neck to the hip
e The width of each shoulder

Elbow to 1 head width
b

_ fingertip
2 head
lengths 1 head
length

Height Wrist to
7 head fingertip
lengths 1 head
length
Hip
height
4 head
lengths

Measuring Distances

Distance: The length between two points.
Measure: To determine how far apart two geometric objects are.
The most common way to measure distance is with a ruler. In this text we will use inches and centimeters.

Example 1: Determine how long the line segment is, in inches. Round to the nearest quarter-inch.

Re_ 4

—e

Solution: To measure this line segment, it is very important to line up the “0” with the one of the
endpoints. DO NOT USE THE EDGE OF THE RULER.

”Lrir'l“l]l]ul|||I|[|4[Jr|p|||| 3
e T

From this ruler, it looks like the segment is 4.75 inches (in) long.

Inch-rulers are usually divided up by eight-inch (or 0.125 in) segments. Centimeter rulers are divided up
by tenth-centimeter (or 0.1 cm) segments.

www.ck12.org 10
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) e T (P

0 1centimeter,

Lo}

The two rulers above are NOT DRAWN TO SCALE, which means that the measured length is not
the distance apart that it is labeled.

Example 2: Determine the measurement between the two points to the nearest tenth of a centimeter.

A

L]

B

Solution: Even though there is no line segment between the two points, we can still measure the distance
using a ruler.

It looks like the two points are 6 centimeters (cm) apart.

NOTE: We label a line segment, AB and the distance between A and B is shown below. m means measure.
The two can be used interchangeably.

Table 1.6:
Label It Say It
AB The distance between A and B
mAB The measure of AB

Ruler Postulate

Ruler Postulate: The distance between two points is the absolute value of the difference between the
numbers shown on the ruler.

The ruler postulate implies that you do not need to start measuring at “0”, as long as you subtract the
first number from the second. “Absolute value” is used because distance is always positive.

Example 3: What is the distance marked on the ruler below? The ruler is in centimeters.

g 1 2 83 4 5§ & ¥ & 9 10

Solution: Subtract one endpoint from the other. The line segment spans from 3 cm to 8 cm. [8=3| = |5| =5
The line segment is 5 cm long. Notice that you also could have done |3 — 8| = | - 5| = 5.

Example 4: Draw CD, such that CD = 3.825 in.

11 www.ck12.org
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Solution: To draw a line segment, start at “0” and draw a segment to 3.825 in.

h
‘||;II|||||||||1|I|||||||||;||||||||||||||||||||||
0 1 2 3 4 5 6

Put points at each end and label.

c D

Segment Addition Postulate

First, in the picture below, B is between A and C. As long as B is anywhere on the segment, it can be
considered to be between the endpoints.

Cc
A,,,B./
Segment Addition Postulate: If A, B, and C are collinear and B is between A and C, then AB+BC = AC.
For example, if AB =15 ¢m and BC = 12 ¢m, then AC must equal 5+ 12 or 17 cm (in the picture above).
Example 5: Make a sketch of OP, where Q is between O and P.
Solution: Draw OP first, then place Q on the segment.

Q
0/
Example 6: In the picture from Example 5, if OP = 17 and QP = 6, what is OQ?
Solution: Use the Segment Additional Postulate.

P

0Q + QP = OP
00+ 6 =17
00 =17-6
00 =11

Example 7: Make a sketch of: § is between T and V. R is between § and T. TR = 6,RV = 23, and
TR=SV.

Solution: Interpret the first sentence first: S is between T and V.

T'__/——"S*’,'

Then add in what we know about R: It is between § and T. Put markings for TR =SV.

s
T'—_,,_R,/

Example 8: Find SV,TS,RS and TV from Example 7.

\

www.ck12.org 12
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Solution:

For SV: 1t is equal to TR, so SV = 6 cm.

For RS : RV=RS +SV For TS : TS =TR+ RS ForTV: TV=TR-+RS +SV
23 =RS +6 TS =6+ 17 TV=6+17+6
RS =17 cm TS =23 cm TV =29 cm

Example 9: Algebra Connection For HK, suppose that J is between H and K. If HJ = 2x + 4, JK =
3x+ 3, and KH = 22, find x.

Solution: Use the Segment Addition Postulate.

HJ] + JK =KH
(2x+4)+ (3x+3) =22

x4+ 7 =22
5x =15
x=3

Distances on a Grid

You can now find the distances between points in the x — y plane if the lines are horizontal or vertical.
If the line is vertical, find the change in the y—coordinates.
If the line is horizontal, find the change in the x—coordinates.

Example 10: What is the distance between the two points shown below?

10f

(2:9)
8
6
4
o 1(2.3)
<€ >
246810
v

Solution: Because this line is vertical, look at the change in the y—coordinates.

19 -3l =16]=6

The distance between the two points is 6 units.

Example 11: What is the distance between the two points shown below?

13 www.ck12.org
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F
10
8

(-4,4) (3,4)
1 .— 1 1
2
ENEIEIE R 214161810
L 4

Solution: Because this line is horizontal, look at the change in the x—coordinates.
(-4)=381=1-7=7

The distance between the two points is 7 units.

Know What? Revisited The length from the wrist to the elbow is one head, the length from the top of
the neck to the hip is two heads, and the width of each shoulder one head width.

Review Questions

e Questions 1-8 are similar to Examples 1 and 2.

e Questions 9-12 are similar to Example 3.

e Questions 13-17 are similar to Examples 5 and 6.

e Questions 18 and 19 are similar to Example 7 and 8.
¢ Questions 20 and 21 are similar to Example 9.

e Questions 22-26 are similar to Examples 10 and 11.

For 1-4, find the length of each line segment in inches. Round to the nearest % of an inch.

For 5-8, find the distance between each pair of points in centimeters. Round to the nearest tenth.

www.ck12.org 14
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@
6. .
[ ]
7 ®
®
8. @ [

For 9-12, use the ruler in each picture to determine the length of the line segment.

9 |I|I|I|I[I|Iil[I|I]III]I‘1|I|I|I|Ifl||]l|l|l|l||

0in. 1 2 3 4 5 6‘
10. 1

10

Oom1 2 3 4 5 6 7 8 9

11.

L
|r|I||||‘|||||[|||||||||‘||||||||||||||| |||||||‘
0in. 1 2 3 4 5 6
12. l I

Oom1 2 3 4 5 6 7 8 9 10

13. Make a sketch of BT, with A between B and T'.
14. If O is in the middle of LT, where exactly is it located? If LT = 16 cm, what is LO and OT?
15. For three collinear points, A between T and Q.

(a) Draw a sketch.

(b) Write the Segment Addition Postulate.

(c) If AT =10 in and AQ =5 in, what is TQ?
16. For three collinear points, M between H and A.

(a) Draw a sketch.

15 www.ck12.org
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(b) Write the Segment Addition Postulate.
(c) If HM = 18 cm and HA = 29 c¢m, what is AM?

17. For three collinear points, I between M and T.

(a) Draw a sketch.
(b) Write the Segment Addition Postulate.
(¢c) If IT =6 cm and MT = 25 cm, what is AM?

18. Make a sketch that matches the description: B is between A and D. C is between B and D. AB =
7 cm, AC =15 cm, and AD = 32 cm. Find BC, BD, and CD.

19. Make a sketch that matches the description: E is between F and G. H is between F and E. FH =
4in, EG=9in, and FH = HE. Find FE,HG, and FG.

For 20 and 21, Suppose J is between H and K. Use the Segment Addition Postulate to solve for x. Then
find the length of each segment.

20. Hl =4x+9, JK=3x+3, KH =33
21. Hl =5x-3, JK=8x-9, KH =131

For 23-26, determine the vertical or horizontal distance between the two points.

23- ’\

o | |
~10] B |6 | -4 | 2 2[4 [6[8[107

24. *
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25. A
1

NI RN 7 | 4 | € o>
| 0
v
26. %
L]

<o s % 2 |e2 4 ¢ 5>
v

Review Queue Answers

1. e
(654 D

2. line [, MN
3.

17
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v

I

e | |
~q0l -8 6 | -4 |- 2 4 8 8 1

1.3 Angles and Measurement

Learning Objectives

e Classify angles.
e Apply the Protractor Postulate and the Angle Addition Postulate.

Review Queue

1. Label the following geometric figure. What is it called?
A B
2. Find a, XY and YZ.
41 |
b d Z
a-6  3da+ 1l
3. Bis between A and C on AC. If AB =4 and BC = 9, what is AC?

o X —

Know What? Back to the building blocks. Every block has its own dimensions, angles and measurements.
Using a protractor, find the measure of the three outlined angles in the “castle” to the right.

www.ck12.org 18
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Two Rays = One Angle

In #1 above, the figure was a ray. It is labeled A_B), with the arrow over the point that is NOT the endpoint.
When two rays have the same endpoint, an angle is created.

Angle: When two rays have the same endpoint.
Vertex: The common endpoint of the two rays that form an angle.

Sides: The two rays that form an angle.

A
B C
Table 1.7:
Label It Say It
/ABC Angle ABC
/CBA Angle CBA

The vertex is B and the sides are BA and BC. Always use three letters to name an angle, /
SIDE-VERTEX-SIDE.

Example 1: How many angles are in the picture below? Label each one.

U Z

Solution: There are three angles with vertex U. It might be easier to see them all if we separate them.

Y,
\/14\4-’-”
u u Z U Z

So, the three angles can be labeled, £ZXUY (or £YUX), tYUZ (or LZUY), and /XUZ (or LZUX).

Protractor Postulate

We measure a line segment’s length with a ruler. Angles are measured with something called a protractor.
A protractor is a measuring device that measures how “open” an angle is. Angles are measured in degrees,
and labeled with a ° symbol.
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this side intersects
the protractor at 45°

this side lines up with

0° tgthe top scale or
counter clockwise

use the top scaleto

measure the angle

There are two sets of measurements, one starting on the left and the other on the right side of the protractor.
Both go around from 0° to 180°. When measuring angles, always line up one side with 0°, and see where
the other side hits the protractor. The vertex lines up in the middle of the bottom line.

this side intersects

100° 90° 80° the protractor at 110°
o A9, 80" .
ANy 80 100° ,

( verfex

this side lines up with 0° on the bottom scale
or clockwise. use the bottom scaleto measure the angle

Example 2: Measure the three angles from Example 1, using a protractor.

U Z

Solution: Just like in Example 1, it might be easier to measure these three angles if we separate them.

With measurement, we put an m in front of the / sign to indicate measure. So, m/XUY = 84°, m/YUZ = 42°
and m/XUZ = 126°.

Just like the Ruler Postulate for line segments, there is a Protractor Postulate for angles.
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Protractor Postulate: For every angle there is a number between 0° and 180° that is the measure of
the angle. The angle’s measure is the difference of the degrees where the sides of the angle intersect the

protractor. For now, angles are always positive.

In other words, you do not have to start measuring an angle at 0°, as long as you subtract one measurement

from the other.

Example 3: What is the measure of the angle shown below?

Solution: This angle is lined up with 0°, so where the second side intersects the pr
measure, which is 50°.

Example 4: What is the measure of the angle shown below?

Solution: This angle is not lined up with 0°, so use subtraction to find its measure
which scale you use.

Inner scale: 140° — 25° = 125°
Outer scale: 165° —40° = 125°

Example 5: Use a protractor to measure ZRST below.

s T

Solution: Lining up one side with 0° on the protractor, the other side hits 100°.

Classifying Angles

Angles can be grouped into four different categories.

Straight Angle: An angle that measures exactly 180°.

- 180°
2 /; A S

) Ll

Right Angle: An angle that measures exactly 90°.

21

otractor is the angle

. It does not matter
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90°

This half-square marks right, or 90°, angles.
Acute Angles: Angles that measure between 0° and 90°.

1, I

Obtuse Angles: Angles that measure between 90° and 180°.

<—/M/_><\/

Perpendicular: When two lines intersect to form four right angles.

N
D
E
v

Even though all four angles are 90°, only one needs to be marked with the half-square.

The symbol for perpendicular is L.

Table 1.8:
Label It Say It
[1m Line [ is perpendicular to line m.
> >
AC L DE Line AC is perpendicular to line DE.

Example 6: Name the angle and determine what type of angle it is.

T
u \

Solution: The vertex is U. So, the angle can be £/TUV or /VUT. To determine what type of angle it is,
compare it to a right angle.

Because it opens wider than a right angle, and less than a straight angle it is obtuse.

Example 7: What type of angle is 84°7 What about 165°7
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Solution: 84° is less than 90°, so it is acute. 165° is greater than 90°, but less than 180°, so it is obtuse.

Drawing an Angle

Investigation 1-2: Drawing a 50° Angle with a Protractor

1. Start by drawing a horizontal line across the page, 2 in long.

® >
2. Place an endpoint at the left side of your line.

3. Place the protractor on this point, such that the bottom line of the protractor is on the line and the
endpoint is at the center. Mark 50° on the appropriate scale.

4. Remove the protractor and connect the vertex and the 50° mark.

o

-

This process can be used to draw any angle between 0° and 180°. See http://www.mathsisfun.com/
geometry/protractor-using.html for an animation of this investigation.

Example 8: Draw a 135° angle.

Solution: Following the steps from above, your angle should look like this:

'

Now that we know how to draw an angle, we can also copy that angle with a compass and a ruler. Anytime
we use a compass and ruler to draw geometric figures, it is called a construction.
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Compass: A tool used to draw circles and arcs.
Investigation 1-3: Copying an Angle with a Compass and Ruler

1. We are going to copy the 50° angle from Investigation 1-2. First, draw a straight line, 2 inches long,
and place an endpoint at one end.

VA

2. With the point (non-pencil side) of the compass on the vertex, draw an arc that passes through both
sides of the angle. Repeat this arc with the line we drew in #1.

£ 5

3. Move the point of the compass to the horizontal side of the angle we are copying. Place the point where
the arc intersects this side. Open (or close) the “mouth” of the compass so that you can draw an arc that
intersects the other side and the arc drawn in #2. Repeat this on the line we drew in #1.

AN

4. Draw a line from the new vertex to the arc intersections.

e

To watch an animation of this construction, see http://www.mathsisfun.com/geometry/construct-anglesame.
html
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Marking Angles and Segments in a Diagram

With all these segments and angles, we need to have different ways to label equal angles and segments.

Angle Markings

equal angles
same arc
marks

one arc with a
hashmark for both

not equal
different arc marks

one arc

two arcs )
Segment Markings
not equal equal segments
different hash marks same hash marks
one hash mark two hash marks three hash marks for both

& ] - u e o 11 & I o
3 1 o I . . T et Il =

Example 9: Write all equal angle and segment statements.

Ae

v

M

—
Solution: AD 1L FC

m/ADB = m/BDC = m/FDE = 45°

AD = DE
FD = DB = DC
m/ADF = m/ADC = 90°

Angle Addition Postulate

Like the Segment Addition Postulate, there is an Angle Addition Postulate.

Angle Addition Postulate: If B is on the interior of ZADC, then
m/ADC = m/ADB + m/BDC

25
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D c

Example 10: What is mZ/QRT in the diagram below?

Solution: Using the Angle Addition Postulate, m/QRT = 15° 4+ 30° = 45°.
Example 11: What is m/LMN if m/LMO = 85° and m/NMO = 53°7

0

Solution: m/LMO = m/NMO + m/LMN, so 85° = 53° + m/LMN.

m/LMN = 32°.

Example 12: Algebra Connection If m/ABD = 100°, find x.

Solution: m/ABD = m/ABC + m/CBD. Write an equation.

100° = (4x+2)° + (3x—7)°

100° = 7x° = 5°
105° = 7x°
15° =x

Know What? Revisited Using a protractor, the measurement marked in the red triangle is 90°, the
measurement in the blue triangle is 45° and the measurement in the orange square is 90°.

Review Questions

e Questions 1-10 use the definitions, postulates and theorems from this section.
e Questions 11-16 are similar to Investigation 1-2 and Examples 7 and 8.

e Questions 17 and 18 are similar to Investigation 1-3.

e Questions 19-22 are similar to Examples 2-5.
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e Question 23 is similar to Example 9.
e Questions 24-28 are similar to Examples 10 and 11.
e Questions 29 and 30 are similar to Example 12.

For questions 1-10, determine if the statement is true or false.

Two angles always add up to be greater than 90°.

180° is an obtuse angle.

180° is a straight angle.

Two perpendicular lines intersect to form four right angles.

A construction uses a protractor and a ruler.

For an angle ZABC, C is the vertex.

For an angle ZABC,AB and BC are the sides.

The m in front of m/ABC means measure.

Angles are always measured in degrees.

The Angle Addition Postulate says that an angle is equal to the sum of the smaller angles around it.

C O RPN U N

[

For 11-16, draw the angle with the given degree, using a protractor and a ruler. Also, state what type of
angle it is.

11. 55°

12. 92°

13. 178°

14. 5°

15. 120°

16. 73°

17. Construction Copy the angle you made from #12, using a compass and a ruler.
18. Construction Copy the angle you made from #16, using a compass and a ruler.

For 19-22, use a protractor to determine the measure of each angle.

s
21. L)
22. 7
p
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23. Interpret the picture to the right. Write down all equal angles, segments and if any lines are perpen-

dicular.
A
7
B
E

In Exercises 24-29, use the following information: Q is in the interior of ZROS. § is in the interior of
/QOP. P is in the interior of ZSOT. § is in the interior of ZROT and m/ROT = 160°, m/S OT = 100°, and
m/ROQ = m/QOS = m/POT.

24. Make a sketch.
25. Find mzQOP
26. Find m/QOT
27. Find m/ROQ
28. Find m/S OP

Algebra Connection Solve for x.

29. m/ADC = 56°

Review Queue Answers

—)
1. AB, a ray
2. XY =3,YZ =38

a-6+3a+11 =41
da+5 =41
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4a = 36
a=9

3. Use the Segment Addition Postulate, AC = 13.

1.4 Midpoints and Bisectors

Learning Objectives

e Identify the midpoint of line segments.
o Identify the bisector of a line segment.
e Understand and use the Angle Bisector Postulate.

Review Queue

1. m/SOP = 38°, find m/POT and m/ROT.
S

57°

0 T

2. Find the slope between the two numbers.

3. Find the average of these numbers: 23, 30, 18, 27, and 32.

Know What? The building to the right is the Transamerica Building in San Francisco. This building
was completed in 1972 and, at that time was one of the tallest buildings in the world. In order to make
this building as tall as it is and still abide by the building codes, the designer used this pyramid shape.

It is very important in designing buildings that the angles and parts of the building are equal. What
components of this building look equal? Analyze angles, windows, and the sides of the building.
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b

Congruence

You could argue that another word for equal is congruent. But, the two are a little different.

Congruent: When two geometric figures have the same shape and size.

Table 1.9:

Label It Say It

AB = BA AB is congruent to BA
Table 1.10:

Equal Congruent

used with measurement used with figures

mAB = AB = 5cm AB = BA

m/ABC = 60° /ABC = /CBA

If two segments or angles are congruent, then they are also equal.

Midpoints

Midpoint: A point on a line segment that divides it into two congruent segments.

C
A B

Because AB = BC, B is the midpoint of AC.

Midpoint Postulate: Any line segment will have exactly one midpoint.
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This postulate is referring to the midpoint, not the lines that pass through the midpoint.

£ 51
vy N

There are infinitely many lines that pass through the midpoint.
Example 1: Is M a midpoint of AB?

34

M 16 B

y B

Solution: No, it is not MB = 16 and AM = 34 — 16 = 18. AM must equal MB in order for M to be the
midpoint of AB.

Midpoint Formula

When points are plotted in the coordinate plane, we can use a formula to find the midpoint between them.
Here are two points, (-5, 6) and (3, 4).

N
I 8
{51 8)
[ 6
1
T 18.2)
B 5 4 =2 21468
\' 4 :

.
-

It follows that the midpoint should be halfway between the points on the line. Just by looking, it seems
like the midpoint is (-1, 4).

X1+x2
2 9

Midpoint Formula: For two points, (x1,y1) and x2,y2, the midpoint is ( yl%)

Let’s use the formula to make sure (-1, 4) is the midpoint between (-5, 6) and (3, 2).

(—5+3 6—|—2)
2 72

-2 8
—,=)=(-1,4
(33)- 19
Always use this formula to determine the midpoint.

Example 2: Find the midpoint between (9, -2) and (-5, 14).
Solution: Plug the points into the formula.

(9 +2(—5), -2 ;r 14)

8-

Example 3: If M(3,-1) is the midpoint of AB and B(7,-6), find A.
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Solution: Plug in what you know into the midpoint formula.

T4 xa —6+yA)
—(3,-1
( 2 7 2 (3,-1)

7 -6
—;xA =3 and t YA

T4+ x4 =6and —6+y4 =-2
xa=—-1land y4 =4
So, Ais (-1,4).

=-1

Segment Bisectors

Segment Bisector: A bisector cuts a line segment into two congruent parts and passes through the
midpoint.

Example 4: Use a ruler to draw a bisector of the segment.

X Y

L

Solution: First, find the midpoint. Measure the line segment. It is 4 cm long. To find the midpoint,
divide 4 cm by 2 because we want 2 equal pieces. Measure 2 cm from one endpoint and draw the midpoint.

X Z Y

To finish, draw a line that passes through Z.

X - Y,
) P

A specific type of segment bisector is called a perpendicular bisector.

Perpendicular Bisector: A line, ray or segment that passes through the midpoint of another segment
and intersects the segment at a right angle.

E

v

Perpendicular Bisector Postulate: For every line segment, there is one perpendicular bisector.

Example 5: Which line is the perpendicular bisector of MN?
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Solution: The perpendicular bisector must bisect MN and be perpendicular to it. Only <0_>Q fits this

>
description. SR is a bisector, but is not perpendicular.

Example 6: Algebra Connection Find x and y.

3x-6 FT 21
] l<4y~2)° !

Solution: The line shown is the perpendicular bisector.

So, 3x—-6 =21 And, (4y-2)° =90°
3x = 27 dy = 92°
x=9 y=23°

Investigation 1-4: Constructing a Perpendicular Bisector

1. Draw a line that is 6 cm long, halfway down your page.

2. Place the pointer of the compass at an endpoint. Open the compass to be greater than half of the
segment. Make arc marks above and below the segment. Repeat on the other endpoint. Make sure the
arc marks intersect.

X
X

3. Use your straightedge to draw a line connecting the arc intersections.

This constructed line bisects the line you drew in #1 and intersects it at 90°. To see an animation of this
investigation, go to http://www.mathsisfun.com/geometry/construct-linebisect.html.
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Congruent Angles

Example 7: Algebra Connection What is the measure of each angle?

A
X
5x+7)°
B A (6x+7) (32> Y
d

Solution: From the picture, we see that the angles are equal.

Set the angles equal to each other and solve.

(bx+7)° = (3x + 23)°
2x° = 16°

x=8°

To find the measure of ZABC, plug in x = 8° to (5x +7)° — (5(8) + 7)° = (40 + 7)° = 47°. Because
m/ABC = m/XYZ, m/XYZ = 47° too.

Angle Bisectors

Angle Bisector: A ray that divides an angle into two congruent angles, each having a measure exactly
half of the original angle.

A

B C
BD is the angle bisector of ZABC

/ABD = /DBC

1
m/ABD = EmAABC

Angle Bisector Postulate: Every angle has exactly one angle bisector.

Example 8: Let’s take a look at Review Queue #1 again. Is OP the angle bisector of 2§ OT?
S

57°

o T

Solution: Yes, OP is the angle bisector of 2§ OT from the markings in the picture.

Investigation 1-5: Constructing an Angle Bisector
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1. Draw an angle on your paper. Make sure one side is horizontal.

2. Place the pointer on the vertex. Draw an arc that intersects both sides.

]

3. Move the pointer to the arc intersection with the horizontal side. Make a second arc mark on the
interior of the angle. Repeat on the other side. Make sure they intersect.

!

4. Connect the arc intersections from #3 with the vertex of the angle.

]

I

To see an animation of this construction, view http://www.mathsisfun.com/geometry/construct-anglebisect.
html.

Know What? Revisited The image to the right is an outline of the Transamerica Building from earlier
in the lesson. From this outline, we can see the following parts are congruent:

TR=TC (/TCR = /TRC
RS =CM (CIE = /RAN
CI=RA  and /TMS =/TSM
AN = IE LIEC = /ANR

TS =TM (/TCI = /TRA

All the four triangular sides of the building are congruent to each other as well.
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m

Review Questions

e Questions 1-18 are similar to Examples 1, 4, 5 and 8.
e Questions 19-22 are similar to Examples 6 and 7.

e Question 23 is similar to Investigation 1-5.

e Question 24 is similar to Investigation 1-4.

e Questions 25-28 are similar to Example 2.

e Question 29 and 30 are similar to Example 3.

1. Copy the figure below and label it with the following information:

LA = /C
/B=/D
AB=CD
AD = BC

D C

H is the midpoint Ofi_E and DG, B is the midpoint of AC, GD is the perpendicular bisector of FA and EC
AC = FE and FA =2 EC

F 24 in

n E
GE H 4D
131 5in
Im ]
A B C
Find:
2. AB
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For 11-18, use the following picture to answer the questions.

© L XN U W

GA
ED
HE
m/HDC
FA
GD
m/FED

How many copies of triangle AHB can fit inside rectangle FECA without overlapping?

U

11.
12.
13.
14.
15.
16.
17.
18.

What is the angle bisector of /T PR?

P is the midpoint of what two segments?
What is mZQPR?

What is m/TPS?

How does VS relate to QT?

How does QT relate to VS?

What is mzQPV?

Is PU a bisector? If so, of what?

Algebra Connection For 19-22, use algebra to determine the value of variable in each problem.

19.

20.

21.

22.

1507

(4x-5)°

62°
(5x-8)°

37
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23. Construction Using your protractor, draw an angle that is 110°. Then, use your compass to
construct the angle bisector. What is the measure of each angle?

24. Construction Using your ruler, draw a line segment that is 7 cm long. Then use your compass to
construct the perpendicular bisector, What is the measure of each segment?

For questions 25-28, find the midpoint between each pair of points.

25. (-2, -3) and (8, -7)
26. (9, -1) and (-6, -11)
27. (-4, 10) and (14, 0)
28. (0, -5) and (-9, 9)

Given the midpoint (M) and either endpoint of AB, find the other endpoint.
29. A(-1,2) and M(3,6)
30. B(-10,-7) and M(-2,1)

Review Queue Answers

1. m/POT = 38°, m/ROT = 57° + 38° + 38° = 133°
2. (a) == =8=2

-1+4 —
=4+6 _ 2 __ _1
DT _ 1l
23+30+18+27+32 __ 130 _
3. BES0HIEEITESE _ 130 — 9

1.5 Angle Pairs

Learning Objectives

e Recognize complementary angles supplementary angles, linear pairs, and vertical angles.
e Apply the Linear Pair Postulate and the Vertical Angles Theorem.

Review Queue

X+26

1. Find x.
2. Find y.
3. Find z.

Know What? A compass (as seen to the right) is used to determine the direction a person is traveling.
The angles between each direction are very important because they enable someone to be more specific
with their direction. A direction of 45° NW, would be straight out along that northwest line.
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What headings have the same angle measure? What is the angle measure between each compass line?

N

NNE
NE: NNWNW

NEE NWW

SEE SwWw

Sw
9E SSE | Ssw

Complementary Angles

Complementary: Two angles that add up to 90°.

Complementary angles do not have to be:

e congruent
e next to each other

Example 1: The two angles below are complementary. m/GHI = x. What is x7

Solution: Because the two angles are complementary, they add up to 90°. Make an equation.

x+34° =90°
x = 56°

Example 2: The two angles below are complementary. Find the measure of each angle.

G

8r+9 L

H K Tr+6

L

Solution: The two angles add up to 90°. Make an equation.
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8r+9° + 7r+6° = 90°
15r +15° = 90°
15r = 75°
r=2>5°
However, you need to find each angle. Plug r back into each expression.

m/GHI = 8(5°) + 9° = 49°
mlJKL = 7(5°) + 6° = 41°

Supplementary Angles

Supplementary: Two angles that add up to 180°.

Supplementary angles do not have to be:

e congruent
e next to each other

Example 3: The two angles below are supplementary. If m/MNO = 78° what is m/PQR?

o N Q R

Solution: Set up an equation. However, instead of equaling 90°, now it is 180°.
78° +m/PQR = 180°
m/PQR = 102°

Example 4: What is the measure of two congruent, supplementary angles?

Solution: Supplementary angles add up to 180°. Congruent angles have the same measure. So, 180°+2 =
90°, which means two congruent, supplementary angles are right angles, or 90°.

Linear Pairs

Adjacent Angles: Two angles that have the same vertex, share a side, and do not overlap.
/PS Q and /QSR are adjacent.
/PQOR and /PQS are NOT adjacent because they overlap.

=)
Q

S
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Linear Pair: Two angles that are adjacent and the non-common sides form a straight line.

Q

P S
/PS Q and QSR are a linear pair.

Linear Pair Postulate: If two angles are a linear pair, then they are supplementary.

Example 5: Algebra Connection What is the measure of each angle?

(79-46)]

Solution: These two angles are a linear pair, so they add up to 180°.

(Tq - 46)° + (3¢ + 6)° = 180°
10g — 40° = 180°
10g = 220°

q=22°

Plug in g to get the measure of each angle. m/ABD = 7(22°) — 46° = 108° m/DBC = 180° — 108° = 72°
Example 6: Are /CDA and /DAB a linear pair? Are they supplementary?

Solution: The two angles are not a linear pair because they do not have the same vertex. They are
supplementary, 120° 4+ 60° = 180°.

D
120° c

60°

Vertical Angles

Vertical Angles: Two non-adjacent angles formed by intersecting lines.

/1 and /3 are vertical angles
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/2 and /4 are vertical angles

These angles are labeled with numbers. You can tell that these are labels because they do not have a
degree symbol.

Investigation 1-6: Vertical Angle Relationships

1. Draw two intersecting lines on your paper. Label the four angles created /1, /2, /3, and /4, just like
the picture above.

Use your protractor to find m/1.

What is the angle relationship between /1 and /2 called? Find m/2.

What is the angle relationship between /1 and /4 called? Find m/4.

What is the angle relationship between /2 and /3 called? Find m/3.

Are any angles congruent? If so, write them down.

S Uk

From this investigation, you should find that /1 = /3 and /2 = /4.
Vertical Angles Theorem: If two angles are vertical angles, then they are congruent.

We can prove the Vertical Angles Theorem using the same process we used in the investigation. We will
not use any specific values for the angles.

From the picture above:

/1 and /2 are a linear pair — m/1 + m/2 = 180° Equation 1
/2 and /3 are a linear pair — m/2 4+ m/3 = 180° Equation 2
/3 and /4 are a linear pair — m/3 + m/4 = 180° Equation 3

All of the equations = 180°, so Equation 1 = Equation 2 and Equation 2 = Equation 3.

msl +m/2 =m/2 +m/3 and mi2+ms3 =m/s3 +msd

Cancel out the like terms

msl = ms3 and ml2 = m/4
Recall that anytime the measures of two angles are equal, the angles are also congruent. So, /1 = /3 and

/2 = /4 too.

Example 7: Find m/1 and m/2.

18°

Solution: /1 is vertical angles with 18°, so m/1 = 18°.
/2 is a linear pair with /1 or 18°, so 18° + m/2 = 180°.
m/2 = 180° — 18° = 162°.

Know What? Revisited The compass has several vertical angles and all of the smaller angles are
22.5°,180° + 8. Directions that are opposite each other have the same angle measure, but of course, a
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different direction. All of the green directions have the same angle measure, 22.5°, and the purple have the
same angle measure, 45°. N, §, E and W all have different measures, even though they are all 90° apart.

Review Questions

o Ot W

Questions 1 and 2 are similar to Examples 1, 2, and 3.
Questions 3-8 are similar to Examples 3, 4, 6 and 7.

Questions 9-16 use the definitions, postulates and theorems from this section.

Questions 17-25 are similar to Example 5.

. Find the measure of an angle that is complementary to ZABC if m/ABC is

(a) 45°
(b) 82°
(c) 19°
(d) z°

. Find the measure of an angle that is supplementary to ZABC if m/ABC is

(a) 45°
118°

Name one pair of vertical angles.
Name one linear pair of angles.

Name two complementary angles.
Name two supplementary angles.

What is:
(a) mszINL

43
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(b) m/LNK

8. If mz/INJ = 63°, find:

For 9-16, determine if the statement is true or false.

9. Vertical angles are congruent.
10. Linear pairs are congruent.
11. Complementary angles add up to 180°.
12. Supplementary angles add up to 180°
13. Adjacent angles share a vertex.
14. Adjacent angles overlap.
15. Complementary angles are always 45°.
16. Vertical angles have the same vertex.

For 17-25, find the value of x or y.

17.

(x+16)° (4x-5)°

18. 20

19.

(2y+98)°

20. (4x+45)°

(5x-18)°

21.

137°
(4x-17)°

22.

(11y-36)>> 63°
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23.

(10x-15)°

24. Find x.
25. Find y.

(11x+34)?

Review Queue Answers

1. x+26=3x-8
34 = 2x
17=x

2. (Ty+6)°=90°

Ty = 84°
y=12°

3. z+15=5z+9
6 =4z
1.5=z

1.6 Classifying Polygons

Learning Objectives

e Define triangle and polygon.

e Classify triangles by their sides and angles.

e Understand the difference between convex and concave polygons.
¢ Classify polygons by number of sides.

Review Queue

1. Draw a triangle.

2. Where have you seen 4, 5, 6 or 8 - sided polygons in real life? List 3 examples.

3. Fill in the blank.
(a) Vertical angles are always
(b) Linear pairs are :
(c) The parts of an angle are called and a

45
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Know What? The pentagon in Washington DC is a pentagon with congruent sides and angles. There is
a smaller pentagon inside of the building that houses an outdoor courtyard. Looking at the picture, the
building is divided up into 10 smaller sections. What are the shapes of these sections? Are any of these
division lines diagonals? How do you know?

Triangles

Triangle: Any closed figure made by three line segments intersecting at their endpoints.

Every triangle has three vertices (the points where the segments meet), three sides (the segments), and
three interior angles (formed at each vertex). All of the following shapes are triangles.

N\ PN\ <7

You might have also learned that the sum of the interior angles in a triangle is 180°. Later we will prove
this, but for now you can use this fact to find missing angles.

Example 1: Which of the figures below are not triangles?

DA 2N

Solution: B is not a triangle because it has one curved side. D is not closed, so it is not a triangle either.

Example 2: How many triangles are in the diagram below?

JAVAVAVAN
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Solution: Start by counting the smallest triangles, 16.

Now count the triangles that are formed by 4 of the smaller triangles, 7.

A A,

Next, count the triangles that are formed by 9 of the smaller triangles, 3.

AL A

Finally, there is the one triangle formed by all 16 smaller triangles. Adding these numbers together, we

get 16 +7+3+1=27.

Classifying by Angles

Angles can be grouped by their angles; acute, obtuse or right. In any triangle, two of the angles will always
be acute. The third angle can be acute, obtuse, or right. We classify each triangle by this angle.

Right Triangle: A triangle with one right angle.

VAN

Obtuse Triangle: A triangle with one obtuse angle.

Acute Triangle: A triangle where all three angles are acute.

AARN

Equiangular Triangle: When all the angles in a triangle are congruent.

47
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60°

60° 60°

Example 3: Which term best describes ARST below?
R T
92°
S

Solution: This triangle has one labeled obtuse angle of 92°. Triangles can only have one obtuse angle, so
it is an obtuse triangle.

Classifying by Sides

You can also group triangles by their sides.

Scalene Triangle: A triangles where all three sides are different lengths.
5
a3 A
7
Isosceles Triangle: A triangle with at least two congruent sides.

Equilateral Triangle: A triangle with three congruent sides.

ARV >

From the definitions, an equilateral triangle is also an isosceles triangle.

Example 4: Classify the triangle by its sides and angles.

Solution: We see that there are two congruent sides, so it is isosceles. By the angles, they all look acute.
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We say this is an acute isosceles triangle.

Example 5: Classify the triangle by its sides and angles.

Solution: This triangle has a right angle and no sides are marked congruent. So, it is a right scalene
triangle.

Polygons

Polygon: Any closed, 2-dimensional figure that is made entirely of line segments that intersect at their
endpoints.

Polygons can have any number of sides and angles, but the sides can never be curved.

The segments are called the sides of the polygons, and the points where the segments intersect are called
vertices.

Example 6: Which of the figures below is a polygon?

o0

Solution: The easiest way to identify the polygon is to identify which shapes are not polygons. B and C
each have at least one curved side, so they are not be polygons. D has all straight sides, but one of the
vertices is not at the endpoint, so it is not a polygon. A is the only polygon.

Example 7: Which of the figures below is not a polygon?

CROC

Solution: C is a three-dimensional shape, so it does not lie within one plane, so it is not a polygon.

Convex and Concave Polygons

Polygons can be either convex or concave. The term concave refers to a cave, or the polygon is “caving
in”. All stars are concave polygons.

A convex polygon does not do this. Convex polygons look like:
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O DON

Diagonals: Line segments that connect the vertices of a convex polygon that are not sides.

The red lines are all diagonals.
This pentagon has 5 diagonals.

Example 8: Determine if the shapes below are convex or concave.

O KE

Solution: To see if a polygon is concave, look at the polygons and see if any angle “caves in” to the
interior of the polygon. The first polygon does not do this, so it is convex. The other two do, so they are
concave.

Example 9: How many diagonals does a 7-sided polygon have?

Solution: Draw a 7-sided polygon, also called a heptagon.

Drawing in all the diagonals and counting them, we see there are 14.

Classifying Polygons

Whether a polygon is convex or concave, it is always named by the number of sides.

Table 1.11:
Polygon Name Number of Sides Number of Diago- Convex Example
nals
Triangle 3 0
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Table 1.11: (continued)

Polygon Name Number of Sides Number of Diago- Convex Example
nals

Quadrilateral 4 2

Pentagon 5 5 |

Hexagon 6 9 <:>

Heptagon 7 14 -

Octagon 8 ? .

Nonagon 9 ? .

Decagon 10 ? .

Undecagon or hen- 11 ?

decagon .

Dodecagon 12 ?

n-gon n (where n > 12) ? O

Example 10: Name the three polygons below by their number of sides and if it is convex or concave.

51
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«

Solution: The pink polygon is a concave hexagon (6 sides).

The green polygon convex pentagon (5 sides).
The yellow polygon is a convex decagon (10 sides).

Know What? Revisited The pentagon is divided up into 10 sections, all quadrilaterals. None of these
dividing lines are diagonals because they are not drawn from vertices.

Review Questions

e Questions 1-8 are similar to Examples 3, 4 and 5.

Questions 9-14 are similar to Examples 8 and 10

e Question 15 is similar to Example 6.

Questions 16-19 are similar to Example 9 and the table.

e Questions 20-25 use the definitions, postulates and theorems in this section.

For questions 1-6, classify each triangle by its sides and by its angles.

130°

IANIN
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7. Can you draw a triangle with a right angle and an obtuse angle? Why or why not?
8. In an isosceles triangle, can the angles opposite the congruent sides be obtuse?

In problems 9-14, name each polygon in as much detail as possible.

10.

11.

12.

13.

14.

>0 0K

15. Explain why the following figures are NOT polygons:
A) B) C)

y
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16. How many diagonals can you draw from one vertex of a pentagon? Draw a sketch of your answer.

17. How many diagonals can you draw from one vertex of an octagon? Draw a sketch of your answer.

18. How many diagonals can you draw from one vertex of a dodecagon?

19. Determine the number of total diagonals for an octagon, nonagon, decagon, undecagon, and do-
decagon.

For 20-25, determine if the statement is true or false.

20. Obtuse triangles can be isosceles.

21. A polygon must be enclosed.

22. A star is a convex polygon.

23. A right triangle is acute.

24. An equilateral triangle is equiangular.
25. A quadrilateral is always a square.
26. A 5-point star is a decagon

Review Queue Answers

1.

2. Examples include: stop sign (8), table top (4), the Pentagon (5), snow crystals (6), bee hive combs
(6), soccer ball pieces (5 and 6)

3. (a) congruent or equal
(b) supplementary
(c) sides, vertex

1.7 Chapter 1 Review
Symbol Toolbox

;X_B),E,ﬁ - Line, ray, line segment
/ABC - Angle with vertex B

mAB or AB - Distance between A and B
m/ABC - Measure of ZABC

L - Perpendicular

= - Equal

=~ - Congruent

Markings
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perpendicular congruent
angles

or 90°
Ll \ L
Il I
congruent segments

Keywords, Postulates, and Theorems

Points, Lines, and Planes

e Geometry

e Point

e Line

e Plane

e Space

e Collinear

e Coplanar

e Endpoint

e Line Segment
o Ray

e Intersection
e Postulates

e Theorem

e Postulate 1-1
e Postulate 1-2
e Postulate 1-3
e Postulate 1-4
e Postulate 1-5

Segments and Distance

e Distance

e Measure

e Ruler Postulate

e Segment Addition Postulate

Angles and Measurement

o Angle

o Vertex

e Sides

o Protractor Postulate
e Straight Angle

e Right Angle

o Acute Angles

e Obtuse Angles

e Convex

55 www.ck12.org


http://www.ck12.org

e Concave

e Polygon

e Perpendicular

o Construction

o Compass

e Angle Addition Postulate

Midpoints and Bisectors

o Congruent

o Midpoint.

e Midpoint Postulate

e Segment Bisector

e Perpendicular Bisector

e Perpendicular Bisector Postulate
e Angle Bisector

o Angle Bisector Postulate

Angle Pairs

e Complementary

e Supplementary

e Adjacent Angles

e Linear Pair

e Linear Pair Postulate

e Vertical Angles

e Vertical Angles Theorem

Classifying Polygons

o Triangle

o Right Triangle

e Obtuse Triangle

o Acute Triangle

o Equiangular Triangle
e Scalene Triangle

¢ Isosceles Triangle

o Equilateral Triangle
o Vertices

o Diagonals

Review

Match the definition or description with the correct word.

1. When three points lie on the same line. — A. Measure
2. All vertical angles are . — B. Congruent
3. Linear pairs add up to . — C. Angle Bisector
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e BN o

9.
10.
11.
12.
13.
14.
15.

The m in from of m/ABC. — D. Ray

What you use to measure an angle. — E. Collinear
When two sides of a triangle are congruent. — F. Perpendicular
1 — G. Line

A line that passes through the midpoint of another line. — H. Protractor
An angle that is greater than 90°. — I. Segment Addition Postulate

The intersection of two planes is a . — J. Obtuse
AB+ BC = AC — K. Point

An exact location in space. — L. 180°

A sunbeam, for example. — M. Isosceles

Every angle has exactly one. — N. Pentagon

A closed figure with 5 sides. — O. Hexagon

P. Bisector

Texas Instruments Resources

In the CK-12 Texas Instruments Geometry FlexBook, there are graphing calculator activities
designed to supplement the objectives for some of the lessons in this chapter. See http:
//www.ck12.org/flexr/chapter/9686.

1.8 Study Guide

Keywords: Define, write theorems, and/or draw a diagram for each word below.

15" Section: Points, Lines, and Planes

Geometry

Point

Line

Plane

Space

Collinear

Coplanar

Endpoint

Line Segment

Ray

Intersection

Postulates

Theorem

Postulate 1-1
Postulate 1-2
Postulate 1-3
Postulate 1-4
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Postulate 1-5

Use this picture to identify the geometric terms in this section.

Homework:

2" Section: Segments and Distance
Distance

Measure

Ruler Postulate

Segment Addition Postulate

A .’,B./. °
Homework:

3" Section: Angles and Measurement
Angle

Vertex

Sides

Protractor Postulate

Straight Angle

Right Angle

Acute Angles

Obtuse Angles

Perpendicular

Construction

Compass

Angle Addition Postulate

Y,

v
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Homework:

4™ Section: Midpoints and Bisectors
Congruent

Midpoint.

Midpoint Postulate

Segment Bisector

Perpendicular Bisector

Perpendicular Bisector Postulate

Angle Bisector

Angle Bisector Postulate

B G
Homework:
5" Section: Angle Pairs
Complementary
Supplementary
Adjacent Angles
Linear Pair
Linear Pair Postulate
Vertical Angles
Vertical Angles Theorem

Homework:

59
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6" Section: Classifying Polygons
Draw your own pictures for this section
Triangle

Right Triangle

Obtuse Triangle

Acute Triangle

Equiangular Triangle

Scalene Triangle

Isosceles Triangle

Equilateral Triangle

Vertices

Sides

Polygon

Convex Polygon

Concave Polygon

Quadrilateral, Pentagon, Hexagon, Heptagon, Octagon, Nonagon, Decagon...
Diagonals

Homework:
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Chapter 2

Coordinate Geometry

2.1 Vocabulary Self-Rating

Table 2.1: Rating Guide: DK: I am sure I don’t know it K: I am sure I know it 7: I’m not

sure

Word

Before Lesson/Unit

After Lesson/Unit

Distance

Overbar

Estimation
Estimate

Ruler

Absolute value

x —y coordinate plane
x—coordinate
y—coordinate

Right triangle
Pythagorean Theorem
Distance Formula
Midpoint
Equidistant

Slope

Undefined

Parallel
Perpendicular
Slope-intercept form
y—intercept

Circle

Center

Radius

Leg

Hypotenuse
Concentric
Translation
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Table 2.1: (continued)

Word Before Lesson/Unit After Lesson/Unit

Prime

Preimage

Image

Isometry
Reflection
Perpendicular bisector
Rotation

Angle of rotation
Arc

Central angle
Diameter

Acute
Complementary

2.2 Distance and Midpoint

Learning Objectives

e Derive the Distance Formula using the Pythagorean Theorem.

e Use the Distance Formula to find the length of a line segment with known endpoints.

e Use the Midpoint Formula to calculate the coordinates of the midpoint of a line segment given both
endpoints, or to determine the coordinates of one endpoint given the midpoint and the other endpoint.

Measuring Distances

There are many different ways to identify measurements. This lesson will present some that may be
familiar, and probably a few that are new to you.

Before we begin to examine distances, however, it is important to identify the meaning of distance in the
context of geometry. The distance between two points is defined by the length of the line segment that
connects them.

e The distance between two points is the of the line seg-
ment that connects them.

A B

B
A//.
The most common way to measure distance is with a ruler. Also, distance can be estimated using scale
on a map.
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Notation Notes: When we name a segment we use the endpoints and an overbar (a bar or line above
the letters) with no arrows. For example, "segment AB” is written AB. The length of a segment is named
by giving the endpoints without using an overbar. For example, the length of AB is written AB. In some
books you may also see mAB, or measure of AB, which means the same as AB, that is, it is the length of
the segment with endpoints A and B.

Example 1

Use the scale to estimate the distance between Aaron’s house and Bijal’s house. Assume that the first third
of the scale in black represents one inch.

-,

1 l_: I I_T: L ]

Aaron's
House

Scale : 1 inch = 2 miles

You need to find the distance between the two houses in the map. The scale shows a sample distance.
Use the scale to estimate the distance. You will find that approzimately 3 segments of the length of the
scale fit between the two points. Be careful — 3 is not the answer to this problem! As the scale shows 1
inch equal to 2 miles, you must multiply 3 units by 2 miles:

2 miles

= 6 mil
1 inch mies

3 inches -

The distance between the houses is about six miles.

You can also use estimation to identify measurements in other geometric figures. Remember to include
words like approximately, about, or estimation whenever you are finding an estimated answer.

The word “estimation” means using a non-exact guess of what a number is. Another similar word is
“approximation.”

Both of these words are nouns. The verb forms are: “to estimate” or “to approximate.”

We use these words when we are not sure of the exact measurement of a distance, length, or other number,
but when we can make an educated guess.

o To estimate (or to ) a number means to
give a non-exact but educated guess of what it is.

Rulers

You have probably been using rulers to measure distances for a long time and you know that a ruler is
a tool with measurement markings.

e A ruler is a tool with markings.

Using a ruler: If you use a ruler to find the distance between two points, the distance will be the absolute
value of the difference between the numbers shown on the ruler.
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This means that you do not need to start measuring at the zero mark, as long as you use subtraction to
find the distance.

Note: We say absolute value here since distances in geometry must always be positive, and subtraction
can give a negative result.

e You do not need to measure from zero on a ruler; just the start
number from the end number to find the distance!

e The distance on a ruler is the value of the difference
between the numbers.

o Absolute value is always a number.

Example 2

What distance is marked on the ruler in the diagram below? Assume that the scale is marked in centimeters.

Y

o —t

e
o 1 2 3 4

The way to use the ruler is to find the absolute value of the difference between the numbers shown. This
means you subtract the numbers and then make sure your answer is positive. The line segment spans from
3 cm to 8 cm:

B-8=]-5l=5

The absolute value of the difference between the two numbers shown on the ruler above is 5 cm. So the
line segment is 5 cm long.

Remember, we use vertical bars around an expression to show absolute value: |x|

Distances on a Grid

In algebra you most likely worked with graphing lines in the x —y coordinate plane. Sometimes you can
find the distance between points on a coordinate plane using the values of the coordinates:

o If the two points line up horizontally, look at the change of value in the x-coordinates.
o If the two points line up vertically, look at the change of value in the y-coordinates.

The change in value will show the distance between the points. Remember to use absolute value, just
like you did with the ruler. Later you will learn how to calculate distance between points that do not line
up horizontally or vertically.

e When points line up horizontally, they have the same -coordinate. This means their
-coordinates are different so we take their difference to find the distance between the

points.
e When points line up vertically, they have the same -coordinate. This means their -

-coordinates are different so we take their difference to find the distance between the points.
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Example 3

What is the distance between the two points shown below?

108 [2 g)

8
6
4

(2.3)

2

Y

a

The two points shown on the grid are at (2, 9) and (2, 3). These points line up vertically (meaning they
have the same x—coordinate of 2), so we can look at the difference in their y—coordinates:

193] =16 =6

So, the distance between the two points is 6 units.
Example 4
What is the distance between the two points shown below?

A

(-4,4) (3.4)

>

-5 5 10

The two points shown on the grid are at (—4, 4) and (3, 4). These points line up horizontally (meaning they
have the same y—coordinate of 4), so we can look at the difference in their x—coordinates. Remember
to take the absolute value of the difference between the values to find the distance:

|-4=-3l=[-T71=7
The distance between the two points is 7 units.

Reading Check:

1. What is absolute value? Ezxplain in your own words.

2. When 2 points line up vertically, what value do they have in common?
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3. When 2 points line up horizontally, what value do they have in common?

The Distance Formula

We have learned that a right triangle with sides of lengths @ and b and hypotenuse of length ¢ has a
special relationship called the Pythagorean Theorem. The sum of the squares of a and b is equal to
the square of ¢. Placing this in equation form we have:

C -

If we put this triangle in a coordinate plane so A has coordinates of (x1,y1) and B has coordinates of
(x2,y2), we can find the lengths of the legs of the triangle using what we just learned about points that
line up horizontally or vertically:

the length of AC is |xo — x1| and the length of BC is [y — y1]

Bx,.y,)

A(lpv:r,)

We are finding the length, which means that we want a positive value; the absolute value bars guarantee
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that our answer is always positive. But in the final equation,
¢ = lxg = x1 + ly2 — y1l?

the absolute value bars are not needed since we squared all three terms, and squared numbers are always
positive.

Getting the square root of both sides we have,

e = J(x - x1)2 + (12— 1)’

We say that ¢ is the distance between the points A and B, and we call the formula above the Distance
Formula.

Reading Check:

1. On which famous theorem is the Distance Formula based?

2. How can you find the distance of one of the legs of a right triangle like the one in the diagram on the
previous page? Pick one leg and explain in your own words.

Segment Midpoints

Now that you understand congruent segments, there are a number of new terms and types of figures you
can explore.

A segment midpoint is a point on a line segment that divides the segment into two congruent segments.
So, each segment between the midpoint and an endpoint will have the same length.

¢ A midpoint divides a segment into two parts.

In the diagram below, point B is the midpoint of AC since 1 18 congruent to BC:

3in c
A

There is even a special postulate dedicated to midpoints:
Segment Midpoint Postulate
Any line segment will have exactly one midpoint—no more, and no less.

Example 5
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Nandi and Arshad measure and find that their houses are 10 miles apart. If they agree to meet at the
midpoint between their two houses, how far will each of them travel?

Arst;.ad'.-
House
10 miles

Nandi's
House

The easiest way to find the distance to the midpoint of the imagined segment connecting their houses is
to divide the length (which is 10 miles) by 2:

10+2=5

Each person will travel five miles to meet at the midpoint between their houses.

The Midpoint Formula

The midpoint is the middle point of a line segment. It is equidistant (equal distances) from both
endpoints.

The formula for determining the midpoint of a segment in a coordinate plane is the average of the
x—coordinates and the y—coordinates. Remember, to find the average of 2 numbers, you take the sum
of the numbers and then divide by 2.

If a segment has endpoints (x1,y1) and (x2,y2):

o the average of the x—coordinates is: *17*2

« and the average of the y-coordinates is: yl%

Therefore, the midpoint is at:

Ty +Tr2 1+ Y2
2 72

(z1,1)

Reading Check:

1. What is an average? FExplain in your own words.
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2. Where is a midpoint located on a line segment? Describe.

3. What does the word equidistant mean?

4. How many midpoints can a line segment have?

5. In the space below, draw a line segment. Then draw and label its midpoint.

2.3 Parallel and Perpendicular

Learning Objectives
e Identify and compute slope in the coordinate plane.
o Use the relationship between slopes of parallel lines.
¢ Use the relationship between slopes of perpendicular lines.

o Identify equations of parallel lines.
o Identify equations of perpendicular lines.

Slope in the Coordinate Plane

If you look at a graph of a line, you can think of the slope as the steepness of the line.

e Slope is the measure of the of a line.

Mathematically, you can calculate the slope using two different points on a line. Given two points (x1,y1)
and (x2,y2) the slope is:
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y2—y1
X2 — X1

slope =

You may have also learned that slope equals “rise over run.”

This means that:

o The numerator (top) of the fraction is the “rise,” or how many units the slope goes up (positive) or
down (negative).

— Up or down is how the slope moves along the y—axis.

o The denominator (bottom) of the fraction is the “run,” or how many units the slope goes to the right
(positive) or left (negative).

— Right or left is how the slope moves along the x—axis.

You can remember “rise” as up or down because an elevator “rises” up or down.

“Rise” (up/down) is in the y direction.

You can remember “run” as moving right or left because a person “runs” with her right and left feet.

“Run” (right/left) is in the x direction.

e The numerator of the slope represents the change in the direction.
e The slope’s represents the change in the x direction.

In other words, first calculate the distance that the line travels up (or down), and then divide that value
by the distance the line travels left to right.

A line that goes up from left to right has positive slope, and a line that goes down from left to right has
negative slope:

{ v {

Paositive slope X Negative Slope

\

images from http://www.tutorvista.com/math/positive-and-negative-slope

e A line that goes up from left to right has a slope.
o A line that goes down from left to right has a slope.
Example 1

What is the slope of a line that goes through the points (2, 2) and (4, 6)7

You can use the slope formula on the previous page to find the slope of this line. When substituting
values, (x1,y1) is (2, 2) and (x2,y2) is (4, 6):

www.ck12.org 70


http://www.tutorvista.com/math/positive-and-negative-slope
http://www.ck12.org

X1 = V1= ,and xp = ,y2 =

Y2—N
slope =

X2 — X1

6-2 4
l :—:—:2
slope —5 =3

The slope of this line is 2.
— What does that mean graphically?
Look at the graph on the next page to see what the line looks like.

Notice: If the slope is positive, the line should go up from left to right. Does it?

y change is
6-2=4

| xchange is
4.2=2

You can see that the line “rises” 4 units as it “runs” 2 units to the right. So, the “rise” (numerator) is 4

units and the “run” (denominator) is 2 units. Since 4 + 2 = 2, the slope of this line is 2.

As you read on the previous page, the slope of this line is 2, a positive number.

e Any line with a positive slope will go

o Any line with a negative slope will go

Example 2
What is the slope of the line that goes through the points (1, 9) and (3, 3)7
Again, use the formula to find the slope of this line:

X1 = V1= ,and xo = Y2 =
Y2 —y1
slope =
X9 = X1
3-9 -6
l :—:—:—3
stope 3_1 2

The slope of this line is —3.

from left to right.
from left to right.

Because the slope of the line in example 2 is negative, it will go down to the right. The points and the

line that connects them are shown below:

71
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Some types of lines have special slopes. Check out following examples to see what happens with horizontal
and wvertical lines.

Example 3
What is the slope of a line that goes through the points (4, 4) and (8, 4)7?
Use the formula to find the slope of this line:

xi=_,n=_,andxpg=_ ,ya=__
Y2—N
slope =
X2 — X1
4-4 0
l = — = - = 0
slope = o— =2
The slope of this line is 0.
Every line with a slope of 0 is horizontal.
e« A line has a slope equal to zero.

Example 4
What is the slope of a line that goes through the points (3, 2) and (3, 6)7
Use the formula to find the slope of this line:

X1 = V1= ,and xo = Y2 =
y2 — Y1
slope = ——
X2 — X1
I 6-2 4
slope = —— = —
PE=37370

Zero is not allowed to be in the denominator of a fraction! Therefore, the slope of this line is undefined.

Every line with an undefined slope is vertical.

o All vertical lines have slopes that are

The line in example 4 is vertical and its slope is undefined:
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5 ¢ (3,6)

¥ Rise
4 6:2=4
2
2 ® (3,2)
” Run
3-3=0

In review, if you look at a graph of a line from left to right, then:

Lines with positive slopes point up to the right.

e Lines with negative slopes point down to the right.
e Horizontal lines have a slope of zero.

o Vertical lines have undefined slope.

Reading Check:

1. On the coordinate plane below, draw a line with a positive slope.

A

A
v

v
2. On the coordinate plane below, draw a line with a negative slope.

A

A
v

v

3. On the coordinate plane below, draw a line with a slope of zero.
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v

A

v
4. On the coordinate plane below, draw a line with an undefined slope.

A

A
v

Slopes of Parallel Lines

Now that you know how to find the slope of lines using x— and y—coordinates, you can think about how
lines are related to their slopes.

If two lines in the coordinate plane are parallel, then they will have the same slope. Conversely, if two
lines in the coordinate plane have the same slope, then those lines are parallel.

« Parallel lines have the slope.

Example 5
Which of the following answers below could represent the slope of a line parallel to the one shown on the

graph?
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B.-1
C.
D.1

=

Since you are looking for the slope of a parallel line, it will have the same slope as the line on the graph.
First find the slope of the given line, and then choose the answer with that same slope. To do this, pick
any two points on the line and use the slope formula.

For example, for the points (-1, 5) and (3, 1) :

X = V= ,and xp = Y2 =
Y2—N
slope =
X2 — X1
1-5 -4 -4
slope = —=-1

3-(-1) 3+1 4

The slope of the line on the graph is —1. The answer is B.

Slopes of Perpendicular Lines

Parallel lines have the same slope. There is also a mathematical relationship for the slopes of perpen-
dicular lines.

The slopes of perpendicular lines will be the opposite reciprocal of each other.

Opposite here means the opposite sign.

If a slope is positive, then its opposite is negative.

If a slope is negative, then its opposite is positive.

A reciprocal is a fraction with its numerator and denominator flipped.

The reciprocal of % is % The reciprocal of % is 2. The reciprocal of 4 is %.

e The opposite of 5 is
e The reciprocal of 5 is

The opposite reciprocal can be found in two steps:

1. First, find the reciprocal of the given slope. If the slope is a fraction, you can simply switch the
numbers in the numerator and the denominator to find the reciprocal. If the slope is not a fraction, you
can make it into a fraction by putting a 1 in the denominator. Then find the reciprocal by flipping the
numerator and denominator.

2. The second step is to find the opposite of the given number. If the value is positive, make it negative.
If the value is negative, make it positive.

The opposite reciprocal of % is —% and the opposite reciprocal of - 3 is %

e The opposite reciprocal of 5 is

Another way to check if lines are perpendicular is to multiply their slopes: if the slopes of two lines
multiply to be —1, then the two lines are perpendicular.

e The slopes of lines multiply to be —1.
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Example 6

Which of the following numbers could represent the slope of a line perpendicular to the one shown below?

A
B. I
C. 2
D. 2

Since you are looking for the slope of a perpendicular line, it will be the opposite reciprocal of the slope
of the line on the graph. First find the slope of the given line, then find its opposite reciprocal. You can
use the slope formula to find the original line’s slope. Pick two points on the line.

For example, for the points (-3, -2) and (4, 3) :

X1 = V1= . and xg = Y2 =
Y2—)N
slope =
X2 — X1
P 3-(-2) 342 5
slope = = ==
PEm (=3 T 4+3 7
The slope of the line on the graph is % Now find the opposite reciprocal of that value. First switch the

numerator and denominator in the fraction, then find the opposite sign. The opposite reciprocal of % is %7

The answer is A.

Slope-Intercept Equations

The most common type of linear equation to study is called slope-intercept form, which uses both the
slope of the line and its y—intercept. A y—intercept is the point where the line crosses the vertical
y—axis. This is the value of y when x is equal to 0.

e Slope-intercept form is an equation that uses the and
the of a line.

e The y—intercept is the point where the line intersects the

e At the y—intercept, x equals

The formula for an equation in slope-intercept form is:
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y=mx—+b

In this equation, y and x remain as variables, m is the slope of the line, and b is the y—intercept of the
line. For example, if you know that a line has a slope of 4 and it crosses the y—axis at (0, 8), then its
equation in slope-intercept form is: y = 4x + 8.

e In slope-intercept form, m represents the
e In slope-intercept form, b represents the

This form is especially useful for finding the equation of a line given its graph. You already know how to
calculate the slope by finding two points and using the slope formula. You can find the y—intercept by
seeing where the line crosses the y—axis on the graph. The value of b is the y—coordinate of this point.

Example 7

Write an equation in slope-intercept form that represents the following line:

First find the slope of the line. You already know how to do this using the slope formula. There are no
points given on the line, so you have to pick your own points. See where the line goes right through an
intersection (corner point) on the graph paper. You can use the two points (0, 3) and (2, 2) :

X1 = V1= ,and xg = Y2 =
y2—N
slope =
X2 — X1
2-3 -1 1
slope= — = — = ——

2-0 2 2

The slope of the line is _71 This will replace m in the slope-intercept equation.

Now you need to find the y—intercept. On the graph, find where the line intersects the y—axis. It crosses
the y—axis at (0, 3) so the y—intercept is 3. This will replace b in the slope-intercept equation, so now
you have all the information you need.

The equation for the line shown in the graph is: y = —%x + 3.
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e In the slope-intercept equation, the slope is represented by the letter
e In the slope-intercept equation, the y—intercept is the letter

Equations of Parallel Lines

You studied parallel lines and their graphical relationships, so now you will learn how to easily identify
equations of parallel lines. When looking for parallel lines, look for equations that have the same slope.

As long as the y—intercepts are not the same and the slopes are equal, the lines are parallel. If the
y—intercept and the slope are both the same, then the two equations are for the same exact line, and a
line cannot be parallel to itself.

o Parallel lines have the slope.

Reading Check:

1. True or false:

The reciprocal of a fraction is when you flip the numerator and the denominator.

2. Make up an example that supports the statement in #1 above.

3. What is the slope-intercept form of an equation?

4. What do the letters m and b stand for in the slope-intercept equation?

m:

5. How are the slopes of parallel lines related?

Example 8

Juan drew the line below:
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Which of the following equations could represent a line parallel to the one Juan drew?

A.y:—%x—G
B.y:%x+9
C.y=-2x-18
D.y=2x+1

If you find the slope of the line in Juan’s graph, you can find the slope of a parallel line because it will
be the same. Pick two points on the graph and find the slope using the slope formula. Use the points (0,
5) and (1, 3) :

x| = V1= , and xo = ,y2 =
y2—2
slope = ———
X2 — X1
3-5 =2
l :—:—:—2
slope T 0 1

The slope of Juan’s line is —2. Look at your four answer choices: which equation has a slope of —27 All
other parts of the equation do not matter. The only equation that has a slope of —2 is choice C, so that is
the correct answer.

Equations of Perpendicular Lines

You also studied perpendicular lines and their graphical relationships: remember that the slopes of
perpendicular lines are opposite reciprocals. To easily identify equations of perpendicular lines, look
for equations that have slopes that are opposite reciprocals of each other.

Here, it does not matter what the y—intercept is; as long as the slopes are opposite reciprocals, the lines
are perpendicular.

Example 9
Kara drew the line in this graph:
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Which of the following equations could represent a line perpendicular to the one Kara drew above?

Ay=3x+10
B.y=-2x+6
C.yz%x—4

D.yz—%x—l

First find the slope of the line in Kara’s graph. Then find the opposite reciprocal of this slope. To begin,
pick two points on the graph and calculate the slope using the slope formula. Use the points (0, 2) and
(3,4) :

X1 = V1= ,and xg = ,y2 =

‘o 13 re 2
The slope of Kara’s line on the graph is 3.

Find the opposite reciprocal: the reciprocal of % is %, and the opposite of % is —%.
So, —% is the opposite reciprocal of (or perpendicular slope to) %

Now look in your answer choices for the equation that has a slope of —%.

The only equation that has a slope of —% is choice B, so that is the correct answer.

Reading Check:

1. How are the slopes of perpendicular lines related to each other?

2. In the context of perpendicular slope values, what does opposite mean?
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3. True or false: On a graph, perpendicular lines intersect at an angle of 45°.

4. Correct the statement in #3 above to make it true.

2.4 Equation of a Circle
Learning Objectives

o Write the equation of a circle.

Equations and Graphs of Circles

A circle is defined as the set of all points that are the same distance from a single point called the center.
This definition can be used to find an equation of a circle in the coordinate plane.

e A circle is the set of all points equidistant from the

Look at the circle shown below. As you can see, this circle has its center at the point (2, 2) and it has a
radius of 3.

T

=5

All of the points (x,y) on the circle are a distance of 3 units away from the center of the circle.
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We can express this information as an equation with the help of the Pythagorean Theorem. The right
triangle shown above has legs of lengths (x — 2) and (y — 2), and hypotenuse of length 3. We can write:

(x=2)% 4 (y-2)% = 3 or
(-2 + (-2 =9

We can generalize this equation for a circle with center at point (xp,yo) and radius r:

(x=x0)? + (y=y0)* = 1°

Example 1

Find the center and radius of the following circles:
A (x-4)2+(y-12=25
B.(x+1)2+(y-2)?2=4

A. We rewrite the equation as: (x — 4)2 + (y — 1)2 = 52. Compare this to the standard equation. The
center of the circle is at the point (4, 1) and the radius is 5.

B. We rewrite the equation as: (x — (—=1))? + (y — 2)? = 22. The center of the circle is at the point (-1,
2) and the radius is 2.

Example 2

Graph the following circles:
A ?4+y?=9

B. (x+2)?2+y’=1

In order to graph a circle, we first graph the center point and then draw points that are the length of the
radius away from the center in the directions up, down, right, and left. Then connect the outer points
in a smooth circle!

A. We rewrite the equation as: (x —0)% + (y — 0)2 = 32. The center of the circle is at the point (0, 0) and
the radius is 3.

Plot the center point and a point 3 units up at (0, 3), 3 units down at (0, —3), 3 units right at (3, 0) and
3 units left at (-3, 0) :
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B. We rewrite the equation as: (x — (=2))? + (y — 0)2 = 12. The center of the circle is at the point (-2, 0)
and the radius is 1.

Plot the center point and a point 1 unit up at (-2, 1), 1 unit down at (-2, 1), 1 unit right at (-1, 0) and
1 unit left at (-3, 0) :

Reading Check:

1. In your own words, describe the radius of a circle.

2. In the general equation of a circle (x — x)% + (y — yo)? = r2, the variables xo and yo stand for a special
point. What point is this?

3. How can you find the radius of a circle from its equation? What do you need to do to the right side of
the equation?

Example 3
Write the equation of the circle in the graph below:
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=y

From the graph, we can see that the center of the circle is at the point (-2, 2) and the radius is 3 units
long, so we use these numbers in the standard circle equation:

Example 4

Determine if the point (1,3) is on the circle given by the equation:
(x=-1)+(y+1)*=16

In order to find the answer, we simply plug the point (1, 3) into the equation of the circle given.

Substitute the number for x and the number for y:

(1-1)2+3B+1)2*=16
(0)2 + (4)* = 16
16 = 16

Since we end up with a true statement, the point (1, 3) satisfies the equation. Therefore, the point is on
the circle.

Concentric Circles
Concentric circles are circles of different radii that share the same center point.

e Circles with the same but different -
are called concentric circles.

Example 5
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Write the equations of the concentric circles shown in the graph:

&1

All 4 circles have the same center point at (3, 2) so we know the equations will all be:
(x=3)*+(y-2)°

Since the circles have different radius lengths, the right side of the equations will all be different numbers.

The smallest circle has a radius of 2:

The next larger circle has a radius of 3: (x—3)2+ (y-2)2=9

The next larger circle has a radius of 4: (x —3)% + (y—2)%? = 16

The largest circle has a radius of 5: (x—3)? + (y—2)2 =25

Look at the word concentric:

In Spanish, the word “con” means “with.”

The second part of the word, “-centric” looks very similar to the word “center.”

When we put these two parts together, “concentric” means “with” the same “center.”

Reading Check:

1. If you are given a point and an equation of a circle, how can you tell if the given point is on the circle?
Describe what you would do.

2. What are concentric circles?
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3. If you are given two equations of two different circles, how can you tell if the circles are concentric?
Describe what the two equations would have to have in common.

2.5 Translating and Reflecting

Learning Objectives

e Graph a translation in a coordinate plane.

o Recognize that a translation is an isometry.

Find the reflection of a point in a line on a coordinate plane.
o Verify that a reflection is an isometry.

Translations
A translation moves every point a given horizontal distance and/or a given wvertical distance.

o When a point is moved a certain distance horizontally and/or vertically, the move is called a -

For example, if a translation moves point A(3,7) 2 units to the right and 4 units up to A’(5,11), then this
translation moves every point in a larger figure the same way.

The symbol next to the letter A’ above is called the prime symbol.

The prime symbol looks like an apostrophe like you may use to show possessive, such as, “that is my
brother’s book.”

(The apostrophe is before the s in brother’s)
In math, we use the prime symbol to show that two things are related.

In the translation above, the original point is related to the translated point, so instead of renaming the
translated point, we use the prime symbol to show this.

The original point (or figure) is called the preimage and the translated point (or figure) is called the
image. In the example given above, the preimage is point A(3,7) and the image is point A’(5,11). The
image is designated (or shown) with the prime symbol.

e Another name for the original point is the
o Another name for the translated point is the .
e The translated point uses the symbol next to its naming letter.

Example 1

The point A(3,7) in a translation becomes the point A’(2,4). What is the image of B(—6,1) in the same
translation?
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Point A moved 1 unit to the left and 3 units down to get to A’. Point B will also move 1 unit to the left
and 3 units down.

We subtract 1 from the x—coordinate and 3 from the y—coordinate of point B:

B =(-6-1,1-3)=(-7,-2)

B'(-7,-2) is the image of B(-6,1).

Using the Distance Formula, you can notice the following;:

AB= (6 -3)> + (1-7)2 = \[(-9)2 + (=6)* = VIIT7
AB = \J(-T-2)2 + (-2-4)? = \J(-9)2 + (~6)2 = VIIT

Since the endpoints of AB and A’B’ moved the same distance horizontally and vertically, both segments
have the same length.

Translation is an Isometry

An isometry is a transformation in which distance is “preserved.” This means that the distance between
any two points in the preimage (before the translation) is the same as the distance between the points
in the image (after the translation).

e Anisometry is when is preserved from the preim-
age to the image.

As you saw in Example 1 above:
The preimage AB = the image A’B’ (since they are both equal to V117)

Would we get the same result for any other point in this translation? The answer is yes. It is clear that
for any point X, the distance from X to X’ will be V117. Every point moves V117 units to its image.

This is true in general:
Translation Isometry Theorem

Every translation in the coordinate plane is an isometry.

o Every translation in an x — y coordinate plane is an

Reflection in a Line
A reflection in a line is as if the line were a mirror:
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!
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mirror e .' ix_,____
3 ey
" JII
image

e« When an object is reflected in a line, the line is like a

An object reflects in the mirror, and we see the image of the object.

e The image is the same distance behind the mirror line as the object is in front of the mirror line.
e The “line of sight” from the object to the mirror is perpendicular to the mirror line itself.
e The “line of sight” from the image to the mirror is also perpendicular to the mirror line.

Reflection of a Point in a Line

Point P’ is the reflection of point P in line k if and only if line k is the perpendicular bisector of PP’.

e The mirror line is a perpendicular of the line that
connects the object to its reflected image.

Reflections in Special Lines

In a coordinate plane there are some “special” lines for which it is relatively easy to create reflections:

o the x—axis

e the y—axis

o the line y = x (this line makes a 45° angle between the x—axis and the y—axis)

e The -axis, the -axis, and the line = -
are “special” lines to use as mirrors when finding reflections of figures.

We can develop simple formulas for reflections in these lines.

Let P(x,y) be a point in the coordinate plane:
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We now have the following reflections of P(x,y) :
o Reflection of P in the x—axis is Q(x,~y)

[ the x—coordinate stays the same, and the y—coordinate is opposite]
o Reflection of P in the y—axis is R(—x,y)

[ the x—coordinate is opposite, and the y—coordinate stays the same ]
o Reflection of P in the line y = x is S (y, x)

[ switch the x—coordinate and the y—coordinate |

Look at the graph above and you will be convinced of the first two reflections in the axes. We will prove
the third reflection in the line y = x on the next page.

e Reflections in the x—axis have the same -coordinate, but the y—coordinate has the
value.
e Reflections in the y—axis have an x—coordinate, and
the y—coordinate stays the .
e For reflections in the y = x line, the x— and y—coordinates.
Example 2

Prove that the reflection of point P(h,k) in the line y = x is the point S (k,h).
Here is an “outline” proof:
First, we know the slope of the line y = x is 1 because y = 1x + 0.

Next, we will investigate the slope of the line that connects our two points, PS. Use the slope formula
and the values of the points’ coordinates given above:

Do . k=h _ —1(h=k)
Slope of PS is ;= =

k . = 1
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Therefore, we have just shown that PS and y = x are perpendicular because the product of their slopes
is —1.

Finally, we can show that y = x is the perpendicular bisector of PS by finding the midpoint of PS :
Midpoint of PS is (44%, %)

We know the midpoint of PS is on the line y = x because the x—coordinate and the y—coordinate of the
midpoint are the same.

Therefore, the line y = x is the perpendicular bisector of PS.
Conclusion: The points P and S are reflections in the line y = x.
Example 3

Point P(5,2) is reflected in the line y = x. The image is P’. P’ is then reflected in the y—axis. The image
is P”. What are the coordinates of P”?

We find one reflection at a time:

e Reflect P in the line y = x to find P’ :

For reflections in the line y = x we coordinates.

Therefore, P’ is (2, 5).

e Reflect P’ in the y—axis:

For reflections in the y—axis, the x—coordinate is and the y—coordinate
stays the

Therefore, P” is (-2, 5).

Reflections Are Isometries

Like a translation, a reflection in a line is also an isometry. Distance between points is “preserved”
(stays the same).

e A reflection in a line is an , which means that distance
is preserved.

We will verify the isometry for reflection in the x—axis. The proof is very similar for reflection in the
y—axis.

The diagram below shows PQ and its reflection in the x—axis, P’Q’ :
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Use the Distance Formula:

PO = \J(m—h)?+ (n—k)?
PO = \Jm=h)2 + (=n~ (k)2 = \J(m~ )2 + (k- n)?
= Jim =12+ (n—k)?

So PQ = P'(Q

Conclusion: When a segment is reflected in the x—axis, the image segment has the same length as the
original preimage segment. This is the meaning of isometry. You can see that a similar argument would
apply to reflection in any line.

Reading Check:

1. True or false: Both translations and reflections are isometries.

2. What is the meaning of the statement in #1 above?

3. If a translation rule is (x + 3,y — 1), in which directions is a point moved?

4. When a point or figure is reflected in a line, that line acts as a mirror.

a. How does the x—axis change a point that is reflected? What do you do to the coordinates of the point in
this type of reflection?
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b. How does the y—axis change a point that is reflected? What do you do to the coordinates of the point in
this type of reflection?

¢. How does the line y = x change a point that is reflected? What do you do to the coordinates of the point
in this type of reflection?

2.6 Rotating

Learning Objectives

e Find the image of a point in a rotation in a coordinate plane.
e Recognize that a rotation is an isometry.

Sample Rotations

In this lesson we will study rotations centered at the origin of a coordinate plane. We begin with some
specific examples of rotations. Later we will see how these rotations fit into a general formula.

We define a rotation as follows: In a rotation centered at the origin with an angle of rotation of n°, a
point moves counterclockwise along an arc of a circle. The central angle of the circle measures n°.

The original preimage point is one endpoint of the arc, and the image of the original point is the other
endpoint of the arc:
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)
e Rotations centered at the origin move points along an arc of
a circle.
e For a rotation of n°, the central angle of the circle measures .
e The preimage point is one endpoint of the and the image is the other
endpoint.

180° Rotation

Our first example is rotation through an angle of 180°:

In a 180° rotation, the image of P(h, k) is the point P’'(—h, —k).

Notice:

e P and P’ are the endpoints of a diameter of a circle.

— This means that the distance from the point P to the origin (or the distance from the point P’ to the
origin) is a radius of the circle.
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The distance from P to the origin equals the distance from to the origin.

e The rotation is the same as a “reflection in the origin.”

—This means that if we use the origin as a mirror, the point P is directly across from the point P’.

A 180° is also a reflection in the origin.

In a rotation of 180°, the x—coordinate and the y—coordinate of the become
the negative versions of the values in the image.

A 180° rotation is an isometry. The image of a segment is a congruent segment:

/
y
. Q(r,t)
i “B(hk)
0O l'..I - - 3 X
P(h k)
—d
Q'(-r,t)
N

Use the Distance Formula:

PO = \J(k-1)2 + (h-r)?
PO = (k= (=) + (h = (=1)* = J(=k+ 1)+ (=h+1)?
= J=K)2 + (= )2
k=02 + (= r)?

So PQ = P'Q’
e A 180° rotation is an , so distance is preserved.
o When a segment is rotated 180° (or reflected in the origin), its image is a -

segment.

90° Rotation

The next example is a rotation through an angle of 90°. The rotation is in the counterclockwise direction:
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P'(-k,h)
l-‘\
\ _« P(hk)
. i
; s X
O

In a 90° rotation, the image of P(h, k) is the point P’(-k,h).

Notice:

e PO and P’O are both radii of the same circle, so PO = P’O.

If PO and P’O are both radii, then they are the same

e (/POPF' is a right angle. L
e The acute angle formed by PO and the x—axis and the acute angle formed by P’O and the x—axis
are complementary angles.

o

Remember, complementary angles add up to

You can see by the coordinates of the preimage and image points, in a 90° rotation:

e the x— and y—coordinates are switched AND
e the x—coordinate is negative.

In a 90° rotation, switch the - and -coordinates and make the new x—coordinate

A 90° rotation is an isometry. The image of a segment is a congruent segment.
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o Q(r,t)

Use the Distance Formula:

So PQ = P'Q’
Reading Check:
Which of the following are isometries? Circle all that apply:

30°rotation 45°rotation 60°rotation
90°rotation 150°rotation 180°rotation
Reflection Translation Bisection

Example 1
What are the coordinates of the vertices of AABC in a rotation of 90°¢
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N A(4,6)

C(6,:2)

Point A is (4, 6), Bis (-4, 2), and C is (6, -2).

In a 90° rotation, the x—coordinate and the y—coordinate are switched AND the new x—coordinate is
made negative:

o A becomes A’ : switch x and y to (6, 4) and make x negative (-6, 4)
o B becomes B’ : switch x and y to (2, —4) and make x negative (-2, —4)
e C becomes C’ : switch x and y to (-2, 6) and make x negative (—(-2),6) = (2,6)

So the vertices of AA’B'C” are (-6, 4), (-2, —4), and (2, 6).

Plot each of these points on the coordinate plane above and draw in each side of the new rotated triangle.
Can you see how AABC is rotated 90° to AA’B’C’?

Reading Check:

1. True or false: A rotation is always in the counterclockwise direction.
2. On the coordinate plane below, create a point anywhere you like, and label it P.

Then draw a second point W that is the image of point P rotated 180°.

A

A J

3. On the coordinate plane above, draw a third point R that is the image of your original point P rotated
90°.
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4. Is a 90° rotation an isometry? Ezxplain.

5. Is a 180° rotation an isometry? Explain.

6. What type of rotation is the same as a reflection in the origin?
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Chapter 3

Triangles and Congruence

In this chapter, you will learn all about triangles. First, we will find out how many degrees are in a triangle
and other properties of the angles within a triangle. Second, we will use that information to determine if
two different triangles are congruent. Finally, we will investigate the properties of isosceles and equilateral
triangles.

3.1 Triangle Sums

Learning Objectives
e Understand the Triangle Sum Theorem.

o Identify interior and exterior angles in a triangle.
e Use the Exterior Angle Theorem.

Review Queue
Classify the triangles below by their angles and sides.

1.

X

4. Draw and label a straight angle, ZABC. Which point is the vertex? How many degrees does a straight
angle have?

Know What? To the right is the Bermuda Triangle. The myth of this triangle is that ships and planes
have passed through and mysteriously disappeared.
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The measurements of the sides of the triangle are in the picture. Classify the Bermuda triangle by its sides
and angles. Then, using a protractor, find the measure of each angle. What do they add up to?

Bermuda

San Juan

Recall that a triangle can be classified by its sides...

BAA

and its angles...

“all angles one ang|
less than 90°  greater than 90°

Interior Angles: The angles inside of a polygon.

Vertex: The point where the sides of a polygon meet.

vertex

interior vertex
angles

vertex .

Triangles have three interior angles, three vertices, and three sides.

A triangle is labeled by its vertices with a A. This triangle can be labeled AABC, AACB, ABCA, ABAC, ACBA
or ACAB.

Triangle Sum Theorem The interior angles in a polygon are measured in degrees. How many degrees
are there in a triangle?

Investigation 4-1: Triangle Tear-Up
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Tools Needed: paper, ruler, pencil, colored pencils

1. Draw a triangle on a piece of paper. Make all three angles different sizes. Color the three interior
angles three different colors and label each one, /1, /2, and /3.

2. Tear off the three colored angles, so you have three separate angles.

3. Line up the angles so the vertices points all match up. What happens? What measure do the three
angles add up to?

3 L
Ll

2 3

1

This investigation shows us that the sum of the angles in a triangle is 180° because the three angles fit
together to form a straight angle where all the vertices meet.

Triangle Sum Theorem: The interior angles of a triangle add up to 180°.

msl +m/2 +ms3 = 180°

Example 1: What m/T?

M
82°
27°

T

Solution: Set up an equation.

m/iM + m/A + m/T = 180°
82° 4+ 27° + m/T = 180°
109° + m«T = 180°

m/T = T1°

Even thought Investigation 4-1 is a way to show that the angles in a triangle add up to 180°, it is not a
proof. Here is the proof of the Triangle Sum Theorem.
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— —
Given: AABC with AD||BC
Prove: m/1 +m/2 +ms3 = 180°

Table 3.1:
Statement Reason
1. AABC above with AD|[BC Given
2. /1 =174, 12=/5 Alternate Interior Angles Theorem
3. msl = ms4, mL2 = msd =~ angles have = measures
4. ms/4 +m/CAD = 180° Linear Pair Postulate
5. m/3 + ms5 = m/LCAD Angle Addition Postulate
6. ms4 +ms3 +msb = 180° Substitution PoE
7. ms14+ms3 +ms2 = 180° Substitution PoE

Example 2: What is the measure of each angle in an equiangular triangle?

A

C B

Solution: AABC is an equiangular triangle, where all three angles are equal. Write an equation.

m/A + m/B+ m/C = 180°
m/A + msA + m/A = 180° Substitute, all angles are equal.
3m/A = 180° Combine like terms.
m/A = 60°

If mzA = 60°, then m/B = 60° and m/C = 60°.
Each angle in an equiangular triangle is 60°.

Example 3: Find the measure of the missing angle.

D

Gl 0

Solution: m/0 = 41° and m/G = 90° because it is a right angle.
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m/D +m/0 + m/G = 180°
m/D + 41° + 90° = 180°
m/iD + 41° = 90°
m/D = 49°

Notice that mzD + m/0 = 90°.

The acute angles in a right triangle are always complementary.

Exterior Angles

Exterior Angle: The angle formed by one side of a polygon and the extension of the adjacent side.

In all polygons, there are two sets of exterior angles, one that goes around clockwise and the other goes

around counterclockwise.

Set 1
Set 2

Notice that the interior angle and its adjacent exterior angle form a linear pair and add up

ms/l +ms2 = 180°

Example 4: Find the measure of ZRQS .

Q
12°

S

Solution: 112° is an exterior angle of ARQS and is supplementary to ZRQS .

112° + m/RQS = 180°
m/RQS = 68°

to 180°.

Example 5: Find the measure of the numbered interior and exterior angles in the triangle.

103
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Solution: m/1 + 92° = 180° by the Linear Pair Postulate. m/1 = 88°
m/2 + 123° = 180° by the Linear Pair Postulate. m/2 = 57°

msl +ms2 +me3 = 180° by the Triangle Sum Theorem.
88° + 57° +m/3 = 180
m/3 = 35°

Lastly, m/3 + ms4 = 180° by the Linear Pair Postulate.
35° + ms4 = 180°
ms4 = 145°

In Example 5, the exterior angles are 92°, 123°, and 145°. Adding these angles together, we get 92° 4
123° 4 145° = 360°. This is true for any set of exterior angles for any polygon.

Exterior Angle Sum Theorem: The exterior angles of a polygon add up to 360°.

4

/6 25\1 >

msl +ms2 + me3 = 360°
ms4 +ms5 + ms6 = 360°

Example 6: What is the value of p in the triangle below?

A

Solution: First, we need to find the missing exterior angle, let’s call it x. Set up an equation using the
Exterior Angle Sum Theorem.

130° + 110° + x = 360°
x = 360° - 130° - 110°
x =120°
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x and p add up to 180° because they are a linear pair.

x+ p=180°
120° 4 p = 180°
p = 60°

Example 7: Find m/A.

C
115°

Solution:

m/ACB + 115° = 180° because they are a linear pair
m/ACB = 65°

m/A 4 65° + 79° = 180° by the Triangle Sum Theorem
m/A = 36°

Remote Interior Angles: The two angles in a triangle that are not adjacent to the indicated exterior
angle.

In Example 7 above, /A and 79° are the remote interior angles relative to 115°.

Exterior Angle Theorem From Example 7, we can find the sum of m/A and m/B, which is 36° + 79° =
115°. This is equal to the exterior angle at C.

Exterior Angle Theorem: The sum of the remote interior angles is equal to the non-adjacent exterior
angle.

A

m/A + m/B = m/ACD

Proof of the Exterior Angle Theorem

Given: Triangle with exterior /4

Prove: m/1 +m/2 = mz/4
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Table 3.2:

Statement Reason

1. Triangle with exterior /4 Given

2. m/1 +m/2 4+ ms3 = 180° Triangle Sum Theorem
3. m/3 +ms/4 = 180° Linear Pair Postulate
4. mil+ms2+ms3 =ms3 +m/4 Transitive PoE

5. m/l +ms2 = ms4 Subtraction PoE

Example 8: Find m/C.

A
Solution: Using the Exterior Angle Theorem

m/C + 16° = 121°
m/TCA = 105°

If you forget the Exterior Angle Theorem, you can do this problem just like Example 7.

Example 9: Algebra Connection Find the value of x and the measure of each angle.

(3x +4)°
(3x +9)°
Solution: All the angles add up to 180°.

(8x—=1)°+ (Bx+9)°+ (3x+4)° = 180°
(14x + 12)° = 180°
14x = 168°

x=12°

Substitute in 12° for x to find each angle.
3(12°) +9° =45° 3(12°) +4° = 40° 8(12°) —1° =95°

Example 10: Algebra Connection Find the value of x and the measure of each angle.
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Solution: Set up an equation using the Exterior Angle Theorem.

(4x +2)° + (2x—9)° = (5x + 13)°

T / T
interior angles exterior angle
(6x—17)° = (bx+ 13)°
x=20°

Substitute in 20° for x to find each angle.

4(20°) +2° = 82° 2(20°) - 9° =31° Exterior angle: 5(20°) 4+ 13° = 113°
Know What? Revisited The Bermuda Triangle is an acute scalene triangle. The actual angle measures
are in the picture to the right. Your measured angles should be within a degree or two of these measures

and should add up to 180°. However, because your measures are estimates using a protractor, they might
not exactly add up.

Bermuda

SERMNIE

Review Questions

e Questions 1-16 are similar to Examples 1-8.

o Questions 17 and 18 use the definition of an Exterior Angle and the Exterior Angle Sum Theorem.
e Question 19 is similar to Example 3.

e Questions 20-27 are similar to Examples 9 and 10.

Determine m/1.
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94°

45°

47°

77°

10.

11.

87°

12.

83°

33°

108
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13.
75°

124°

14.

129°
Ve >

15.

1

/ >

16. Find the lettered angles, a — f, in the picture to the right. Note that the two lines are parallel.

What is mz/1 +m/2 4+ m/37
What is mz4 + ms5 + m/6?

(a)

(b)

(c) What is ms7 + m/8 + ms9?

(d) List all pairs of congruent angles.

18. Fill in the blanks in the proof below.
Given: The triangle to the right with interior angles and exterior angles.
Prove: m/4 + m/5 + m/6 = 360°

109
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Table 3.3:

Statement Reason

1. Triangle with interior and exterior angles. Given

2. ms1 +ms2 +ms3 = 180°

3. £3 and /4 are a linear pair, /2 and /5 are a

linear pair, and /1 and /6 are a linear pair

4. Linear Pair Postulate (do all 3)
5. ms1 4+ ms6 = 180°

m/2 + m/5 = 180°

m/3 + m/4 = 180°

6. ms1 + ms6 + ms2 + ms5 + ms3 + ms4 = 540°

7. m/4 + msb + ms6 = 360°

19. Fill in the blanks in the proof below.
Given: AABC with right angle B.
Prove: /A and /C are complementary.

A
c B
Table 3.4:
Statement Reason
1. AABC with right angle B. Given
2. Definition of a right angle

3. mtA+ m/B+ m/C = 180°

4. mLA +90° + msC = 180°

5.

6. /A and /C are complementary

Algebra Connection Solve for x.
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23. N (3x+1)°

L (2x +4)°

24.

(2x +1)°  (5x +5)°
25.
(5x +2)°
26.
27 (9x +16)°

(6x +15)°

/1 Ox +3)°

Review Queue Answers

acute isosceles
obtuse scalene

right scalene

B is the vertex, 180°,

W =
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3.2 Congruent Figures

Learning Objectives

e Define congruent triangles and use congruence statements.
e Understand the Third Angle Theorem.

Review Queue

What part of each pair of triangles are congruent? Write out each congruence statement for the marked
congruent sides and angles.

B
C G

2. L
C
BAA N
M

3. Determine the measure of x.

(b) What is the measure of each angle?
(c) What type of triangle is this?

Know What? Quilt patterns are very geometrical. The pattern to the right is made up of several
congruent figures. In order for these patterns to come together, the quilter rotates and flips each block (in
this case, a large triangle, smaller triangle, and a smaller square) to get new patterns and arrangements.

How many different sets of colored congruent triangles are there? How many triangles are in each set?
How do you know these triangles are congruent?
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Congruent Triangles

Two figures are congruent if they have exactly the same size and shape.

Congruent Triangles: Two triangles are congruent if the three corresponding angles and sides are
congruent.

AABC and ADEF are congruent because

AB = DE /A = /D
BC = EF and /B = (E
AC = DF /C = /F

When referring to corresponding congruent parts of congruent triangles it is called Corresponding Parts
of Congruent Triangles are Congruent, or CPCTC.

Example 1: Are the two triangles below congruent?

L
B

M

Solution: To determine if the triangles are congruent, match up sides with the same number of tic marks:
BC = MN, AB=LM, AC = LN.
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Next match up the angles with the same markings:
(A=/L, /B= /M, and /C = /N.

Lastly, we need to make sure these are corresponding parts. To do this, check to see if the congruent angles
are opposite congruent sides. Here, /A is opposite BC and /L is opposite MN. Because /A = /L and
BC = MN, they are corresponding. Doing this check for the other sides and angles, we see that everything
matches up and the two triangles are congruent.

Creating Congruence Statements

In Example 1, we determined that AABC and ALMN are congruent. When stating that two triangles are
congruent, the corresponding parts must be written in the same order. Using Example 1, we would have:

LAand LLare =

o
AABC =ALMN
LBand LM are =
Notice that the congruent sides also line up within the congruence statement.
AB = LM, BC = MN, AC = LN

We can also write this congruence statement five other ways, as long as the congruent angles match up.
For example, we can also write AABC = ALMN as:

AACB = ALNM ABCA = AMNL ABAC = AMLN
ACBA = ANML ACAB = ANLM

Example 2: Write a congruence statement for the two triangles below.

R D

T S E

Solution: Line up the corresponding angles in the triangles:
/R=/(F, /S = /E, and /T = /D.

ARST = /FED

Example 3: If ACAT = ADOG, what else do you know?

Solution: From this congruence statement, we know three pairs of angles and three pairs of sides are
congruent.

LCELD L1406 CA= DO w_\ G
= i
ACAT=ADOG ACAT=ADOG

e T v

£ =0 &T= D6
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Third Angle Theorem

Example 4: Find m/C and m/J.

A !
H (35 86

B C J

Solution: The sum of the angles in a triangle is 180°.

AABC : 35° 4 88° + m/C = 180°

m/C = 57°
AHIJ : 35° 4+ 88° 4+ mzJ = 180°
msJ = 57°

Notice we were given m/A = m/H and m/B = m/I and we found out m/C = m/J. This can be generalized

into the Third Angle Theorem.

Third Angle Theorem: If two angles in one triangle are congruent to two angles in another triangle,

then the third pair of angles must also congruent.

If /A = /D and /B = /E, then /C = /F.

A E

B C D

Example 5: Determine the measure of the missing angles.
A E
'j F. \J
W C Q

B

D
Solution: From the Third Angle Theorem, we know /C = /F.

m/lA +m/B + m/C = 180°

m/D + m/B + m/C = 180°

42° + 83° + m/C = 180°
m/C = 55° = m/F

Congruence Properties Recall the Properties of Congruence from Chapter 2. They will be very useful

in the upcoming sections.

115
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Reflexive Property of Congruence: AB = AB or AABC = AABC

Symmetric Property of Congruence: (EFG = /XYZ and /XYZ = (EFG
AABC = ADEF and ADEF = AABC

Transitive Property of Congruence: AABC = ADEF and ADEF = AGHI then
AABC = AGHI

These three properties will be very important when you begin to prove that two triangles are congruent.

Example 6: In order to say that AABD = AABC, you must show the three corresponding angles and sides
are congruent. Which pair of sides is congruent by the Reflexive Property?

A

D B C

Solution: The side AB is shared by both triangles. In a geometric proof, AB = AB by the Reflexive
Property.

Know What? Revisited The 16 “A” triangles are congruent. The 16 “B” triangles are also congruent.
The quilt pattern is made from dividing up the entire square into smaller squares. Both the “A” and “B”
triangles are right triangles.

Review Questions

e Questions 1 and 2 are similar to Example 3.

e Questions 3-12 are a review and use the definitions and theorems explained in this section.
e Questions 13-17 are similar to Example 1 and 2.

e Question 18 the definitions and theorems explained in this section.

e Questions 19-22 are similar to Examples 4 and 5.

¢ Question 23 is a proof of the Third Angle Theorem.

e Questions 24-28 are similar to Example 6.

e Questions 29 and 30 are investigations using congruent triangles, a ruler and a protractor.

1. If ARAT = AUGH, what is also congruent?
2. If ABIG = ATOP, what is also congruent?
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For questions 3-7, use the picture to the right.

F

| G H

What theorem tells us that /FGH = /FGI?

What is m/FGI and m/FGH? How do you know?

What property tells us that the third side of each triangle is congruent?
How does FG relate to ZIFH?

Write the congruence statement for these two triangles.

NS Gtk W

For questions 8-12, use the picture to the right.
A D

E

8. AB||DE, what angles are congruent? How do you know?

9. Why is ZACB = /ECD? 1t is not the same reason as #8.
10. Are the two triangles congruent with the information you currently have? Why or why not?
11. If you are told that C is the midpoint of AE and BD, what segments are congruent?
12. Write a congruence statement.

For questions 13-16, determine if the triangles are congruent. If they are, write the congruence statement.

K
L
G H
14 A D
B C
15 A D
E
B C
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16. A

- E

17. Suppose the two triangles to the right are congruent. Write a congruence statement for these triangles.

B

X
Y,
C
D
Z

18. Explain how we know that if the two triangles are congruent, then /B = /Z.

For questions 19-22; determine the measure of all the angles in the each triangle.

19.
2 X
&
Z 3
c<) 86
A ‘ .
20. Y
35°
£ A
c X
Z
21. D
A B
28° L c
E
22. B
A
D 15°

23. Fill in the blanks in the Third Angle Theorem proof below.
Given: /A = /D, /B = (E
Prove: /C = /F
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F
B C D
Table 3.5:
Statement Reason
1. /A=/D, /B=/E
2. =~ angles have = measures
3. m/A+m/B+ m/C = 180°
ms/D + m/E + m/F = 180°
4. Substitution PoE
5. Substitution PoE
6. m./C =mLF
7. .C=/F

For each of the following questions, determine if the Reflexive, Symmetric or Transitive Properties of
Congruence is used.

24. /A= /B and /B = /C, then /A = /C

25. AB = AB

26. AXYZ = ALMN and ALMN = AXYZ

27. AABC = ABAC

28. What type of triangle is AABC in #277 How do you know?

Review Queue Answers

1. /B=/H,AB = GH,BC = HI

2. /C= AM,% = LM

3. The angles add up to 180°
(a) (5x+2)°+ (4x+3)°+ (3x—5)° = 180°

12x = 180°
x =15°

(b) 77°,63°,40°
(c) acute scalene

3.3 Triangle Congruence using SSS and SAS

Learning Objectives

e Use the distance formula to analyze triangles on the x —y plane.
e Apply the SSS and SAS Postulate to show two triangles are congruent.

119 www.ckl12.org


http://www.ck12.org

Review Queue

1. Use the distance formula, +/(xa — x1)2 + (y2 — y1)? to find the distance between the two points.

(a) (-1, 5) and (4, 12)
(b) (-6, -15) and (-3, 8)

2. 5 B

X

D

Cc

(a) If we know that AB||CD, AD||BC, what angles are congruent? By which theorem?
(b) Which side is congruent by the Reflexive Property?
(c) Is this enough to say AADC = ACBA?

(a) If we know that B is the midpoint of AC and DE, what segments are congruent?
(b) Are there any angles that are congruent by looking at the picture? Which ones and why?
(c) Is this enough to say AABE = ACBD?

Know What?

The “ideal” measurements in a kitchen from the sink, refrigerator and oven are as close to an equilateral
triangle as possible. Your parents are remodeling theirs to be as close to this as possible and the measure-
ments are in the picture at the left, below. Your neighbor’s kitchen has the measurements on the right.
Are the two triangles congruent? Why or why not?

sink stove
251t
3 ft 251t 45 ft
fridge, sink
4 ft stove -
fridge

SSS Postulate of Triangle Congruence

Consider the question: If I have three lengths: 3 in, 4 in, and 5 in, can I construct more than one triangle?
Investigation 4-2: Constructing a Triangle Given Three Sides
Tools Needed: compass, pencil, ruler, and paper

1. Draw the longest side (5 in) horizontally, halfway down the page.
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The drawings in this investigation are to scale.

2. Take the compass and, using the ruler, widen the compass to measure 4 in, the second side.

3. Using the measurement from Step 2, place the pointer of the compass on the left endpoint of the side
drawn in Step 1. Draw an arc mark above the line segment.

~

4. Repeat Step 2 with the third measurement, 3 in. Then, like Step 3, place the pointer of the compass
on the right endpoint of the side drawn in Step 1. Draw an arc mark above the line segment. Make sure
it intersects the arc mark drawn in Step 3.

5. Draw lines from each endpoint to the arc intersections. These segments are the other two sides of the
triangle.

An animation of this construction can be found at: http://www.mathsisfun.com/geometry/construct-ruler-comps
html

Can another triangle be drawn with these measurements that look different? NO. Only one triangle
can be created from any given three lengths. You can rotate, flip, or move this triangle but
it will still be the same size.

Side-Side-Side (SSS) Triangle Congruence Postulate: If 3 sides in one triangle are congruent to 3
sides in another triangle, then the triangles are congruent.
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A Y

BC =YZ, AB = XY, and AC = XZ then AABC = AXYZ.

The SSS Postulate is a shortcut. Before, you had to show 3 sides and 3 angles in one triangle were
congruent to 3 sides and 3 angles in another triangle. Now you only have to show 3 sides in one triangle
are congruent to 3 sides in another.

Example 1: Write a triangle congruence statement based on the picture below:

M
A: L
C
B
K

Solution: From the tic marks, we know AB = LM, AC = LK, BC = MK. From the SSS Postulate, the
triangles are congruent. Lining up the corresponding sides, we have AABC = ALMK.

Don’t forget ORDER MATTERS when writing congruence statements. Line up the sides with the same
number of tic marks.

Example 2: Write a two-column proof to show that the two triangles are congruent.

A D

B

Given: AB = DE
C is the midpoint of AE and DB.
Prove: AACB = AECD

Solution:
Table 3.6:
Statement Reason
1. AB = DE L L Given
C is the midpoint of AE and DB
2. AC=CE, BC=CD Definition of a midpoint
3. AACB = AECD SSS Postulate

Prove Move: You must clearly state the three sets of sides are congruent BEFORE stating the triangles
are congruent.

Prove Move: Mark the picture with the information you are given as well as information that you see in
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the picture (vertical angles, information from parallel lines, midpoints, angle bisectors, right angles). This
information may be used in a proof.

SAS Triangle Congruence Postulate

SAS refers to Side-Angle-Side. The placement of the word Angle is important because it indicates that
the angle you are given is between the two sides.

Included Angle: When an angle is between two given sides of a polygon.

A

B

/B would be the included angle for sides AB and BC.

Consider the question: If I have two sides of length 2 in and 5 in and the angle between them is 45°, can I
construct one triangle?

Investigation 4-3: Constructing a Triangle Given Two Sides and Included Angle
Tools Needed: protractor, pencil, ruler, and paper

1. Draw the longest side (5 in) horizontally, halfway down the page.

The drawings in this investigation are to scale.

2. At the left endpoint of your line segment, use the protractor to measure a 45° angle. Mark this
measurement.

3. Connect your mark from Step 2 with the left endpoint. Make your line 2 in long, the length of the
second side.

y

4. Connect the two endpoints to draw the third side.

i

Can you draw another triangle, with these measurements that looks different? NO. Only one triangle
can be created from any two lengths and the INCLUDED angle.
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Side-Angle-Side (SAS) Triangle Congruence Postulate: If two sides and the included angle in one
triangle are congruent to two sides and the included angle in another triangle, then the two triangles are
congruent.

A
Y
4é>*
B 2
C

AC =XZ, BC =YZ, and /C = /Z, then AABC = AXYZ.

Example 3: What additional piece of information do you need to show that these two triangles are
congruent using the SAS Postulate?

d) /BAC = /KLM

Solution: For the SAS Postulate, you need the side on the other side of the angle. In AABC, that is BC
and in ALKM that is KM. The answer is c.

Example 4: Write a two-column proof to show that the two triangles are congruent.
Given: C is the midpoint of AE and DB
Prove: AACB = AECD

A D
C
B E
Solution:
Table 3.7:
Statement Reason
1. C is the midpoint of AE and DB Given
2. AC=CE, BC=CD Definition of a midpoint
3. /ACB = /DCE Vertical Angles Postulate
4. AACB = AECD SAS Postulate
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SSS in the Coordinate Plane

The only way we will show two triangles are congruent in an x —y plane is using SSS. To do this, you need
to use the distance formula.

Example 5: Find the distances of all the line segments from both triangles to see if the two triangles are
congruent.

Solution: Begin with AABC and its sides.
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AB = DE, BC = EF, and AC = DF, so two triangles are congruent by SSS.
Example 6: Determine if the two triangles are congruent.

A

T R RERE =) K
I LA
(-8, -6), H

C (-6, 79)|-©

Solution: Start with AABC.
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Now find the sides of ADEF.

DE = \/(3—6)2+(9—4)2

= 37+ 677
= V9+25
S

No sides have equal measures, so the triangles are not congruent.

Know What? Revisited From what we have learned in this section, the two triangles are not congruent
because the distance from the fridge to the stove in your house is 4 feet and in your neighbor’s it is 4.5
ft. The SSS Postulate tells us that all three sides have to be congruent in order for the triangles to be
congruent.

Review Questions

Questions 1-10 are similar to Example 1.

e Questions 11-16 are similar to Example 3.

e Questions 17-23 are similar to Examples 2 and 4.
e Questions 24-27 are similar to Examples 5 and 6.

Are the pairs of triangles congruent? If so, write the congruence statement and why.
1. E H
D & F :G
2. J E
Hé:ﬂ bu
I F
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F E
C
B D
4. A
C& gs
B R
5. E
A ff
m
o D
B
6. A B
C&v
7 A
B E
F
c D
8.
X
X
B
G
9

. W
. &
¥
A 2
H G

10.

State the additional piece of information needed to show that each pair of triangles is congruent.

11. Use SAS
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12.

13.

14.

15.

16.

Fill in the blanks in the proofs below.

17.

B
A
c
F
Use SSS
H
R G
B
|
C
Use SAS
H
= G
B
|
C
Use SAS
. K
J L
c
Use SSS
. K
A S ; &
J L
c
Use SAS

A M
(@]
B
C N

Given: AB = DC, BE =CE

Prove: AABE = AACE

129
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Table 3.8:
Statement Reason
1. 1.
2. /AEB = /DEC 2.
3. AABE = AACE 3.
18. Given: AB = DC, AC = DB
Prove: AABC = ADCB
A D
E
B G
Table 3.9:
Statement Reason
1. 1.
2. 2. Reflexive PoC
3. AABC = ADCB 3.
19. Given: B is a midpoint of DC
AB 1 DC
Prove: AABD = AABC
A
D B C
Table 3.10:
Statement Reason
1. B is a midpoint of DC,AB 1 DC 1.
2. 2. Definition of a midpoint
3. LABD and /ABC are right angles 3.
130
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Table 3.10: (continued)

Statement Reason

4. 4. All right angles are =
5. 5.

6. AABD = AABC 6.

20. Given:_ﬁ is an angle bisector of ZDAC

AD = AC
Prove: AABD = AABC
A
D B C
Table 3.11:

Statement Reason
1.
2. /\DAB = /BAC
3. Reflexive PoC
4. AABD = AABC
21. Given: B is the midpoint of DC

AD = AC

Prove: AABD = AABC

A
D B C
Table 3.12:

Statement Reason
1.
2. Definition of a Midpoint
3 Reflexive PoC

4. AABD = AABC

22. Given: B is the midpoint of DE and AC
/ABE is a right angle

131
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Prove: AABE = ACBD

D
A B
n C
E
Table 3.13:

Statement Reason
1. Given
2. DB = BE, AB = BC
3. Definition of a Right Angle
4 Vertical Angle Theorem

5. AMABE = ACBD

23. Given:_ﬁ is the angle bisector of ZADC

AD = DC
Prove: AABD = ACBD
A
D B
C
Table 3.14:
Statement Reason
1.
2. /ADB = /BDC
3

4. AABD = ACBD

Find the lengths of the sides of each triangle to see if the two triangles are congruent. Leave your answers

under the radical.
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24.

25.

26.
27.

P \ ";')/"- HE
I.)V:L [=:] @ -)
) A
f |

T\
e
e
N
]
b
=
N

A
=
7
_

w4l

1 | 1 ‘\ FEEEEEEEENE
| [

.rvﬁ" ;

AABC : A(-1,5), B(-4,2), C(2,-2) and ADEF : D(7,-5), E(4,2), F(8,-9)
AABC : A(-8,-3), B(-2,-4), C(=5,-9) and ADEF : D(-T7,2), E(-1,3), F(~4,8)

Review Queue Answers

1.

LBAC = /DCA, tDAC = /BCA by the Alternate Interior Angles Theorem.
C

ot yet, this would be ASA.

B =~ BE,AB = BC

3
a
13

—
o
N N N N

by SAS.

3.4 'Triangle Congruence using ASA, AAS, and

HL

Learning Objectives

o Use and understand the ASA, AAS, and HL Congruence Postulate.
e Complete two-column proofs using SSS, SAS, ASA and AAS.
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Review Queue

1. A

C

(a) What sides are marked congruent?
(b) Is third side congruent? Why?
(c) Write the congruence statement for the two triangles. Why are they congruent?

2. L

N

(a) From the parallel lines, what angles are congruent?
(b) How do you know the third angle is congruent?
(c) Are any sides congruent? How do you know?
d

)
ADEF = APQR, can it be assumed that:

a) LF = /R? Why or why not?
b) EF PR? Why or why not?

(d) Are the two triangles congruent? Why or why not?
3. If

(

(

Know What? Your parents changed their minds at the last second about their kitchen layout. Now, the
measurements are in the triangle on the left, below. Your neighbor’s kitchen is in blue on the right. Are
the kitchen triangles congruent now?

sink
stove
3t 251
451t
stove
sink,
fridge
3ft _
fridge

ASA Congruence

ASA refers to Angle-Side-Angle. The placement of the word Side is important because it indicates that
the side that you are given is between the two angles.

Consider the question: If I have two angles that are 45° and 60° and the side between them is 5 in, can I
construct only one triangle?

Investigation 4-4: Constructing a Triangle Given Two Angles and Included Side
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Tools Needed: protractor, pencil, ruler, and paper

1. Draw the side (5 in) horizontally, about halfway down the page.

The drawings in this investigation are to scale.

2. At the left endpoint of your line segment, use the protractor to measure the 45° angle. Mark this
measurement and draw a ray from the left endpoint through the 45° mark.

45°

3. At the right endpoint of your line segment, use the protractor to measure the 60° angle. Mark this
measurement and draw a ray from the left endpoint through the 60° mark. Extend this ray so that it
crosses through the ray from Step 2.

4. Erase the extra parts of the rays from Steps 2 and 3 to leave only the triangle.

Can you draw another triangle, with these measurements that looks different? NO. Only one triangle
can be created from any given two angle measures and the INCLUDED side.

Angle-Side-Angle (ASA) Congruence Postulate: If two angles and the included side in one triangle
are congruent to two angles and the included side in another triangle, then the two triangles are congruent.

/A =/X, (B=/Y,and AB = XY, then AABC = AXYZ.

A Z
x
C B \sfda is between
ﬁ 3\(&_\‘

the two angles

Example 1: What information do you need to prove that these two triangles are congruent using the
ASA Postulate?

=g
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Solution: For ASA, we need the side between the two given angles, which is AC and UV. The answer is
b.

Example 2: Write a 2-column proof.
Given: /C = /E, AC = AE
Prove: AACF = AAEB

A
B
C
D
F
E
Solution:
Table 3.15:
Statement Reason
1. /C = /E, AC = AE Given
2. /A =/A Reflexive PoC
3. AACF = AAEB ASA

AAS Congruence

A variation on ASA is AAS, which is Angle-Angle-Side. For ASA you need two angles and the side between
them. But, if you know two pairs of angles are congruent, the third pair will also be congruent by the 3¢
Angle Theorem. This means you can prove two triangles are congruent when you have any two pairs of
corresponding angles and a pair of sides.

A

SA
A Z
x
C B \sfda is between
3\(&

the two angles

AAS

A X
c side is not
between the
‘/ two angles
B z
Y

Angle-Angle-Side (AAS) Congruence Theorem: If two angles and a non-included side in one triangle
are congruent to two angles and a non-included side in another triangle, then the triangles are congruent.
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Proof of AAS Theorem

Given: /A = /Y, /B=/Z, AC = XY
Prove: AABC = AYZX

A X
&

B z

Y

Table 3.16:

Statement Reason
1. /A=Y, /B=/Z, AC = XY Given
2. /C=/X 3" Angle Theorem
3. AABC = AYZX ASA

By proving AABC = AYZX with ASA, we have also proved that the AAS Theorem is true.
Example 3: What information do you need to prove that these two triangles are congruent using:
a) ASA?

b) AAS?

c) SAS?

L Q

Solution:

a) For ASA, we need the angles on the other side of EF and OR. /F = /Q
b) For AAS, we would need the other angle. /G = /P

c) For SAS, we need the side on the other side of Z/E and /R. EG = RP

Example 4: Can you prove that the following triangles are congruent? Why or why not?

T
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Solution: We cannot show the triangles are congruent because KL and ST are not corresponding, even
though they are congruent. To determine if KL and ST are corresponding, look at the angles around them,
/K and /L and /S and /T. /K has one arc and /L is unmarked. /S has two arcs and /T is unmarked. In
order to use AAS, /S needs to be congruent to /K.

Example 5: Write a 2-column proof.

D

C B A

Given: BD is an angle bisector of ZCDA, /C = /A
Prove: ACBD = /ABD

Solution:
Table 3.17:
Statement Reason
1. BD is an angle bisector of ZCDA, /C = (A Given
2. /.CDB = /tADB Definition of an Angle Bisector
3. DB = DB Reflexive PoC
4. ACBD = AABD AAS

Hypotenuse-Leg

So far, the congruence postulates we have used will work for any triangle. The last congruence theorem
can only be used on right triangles. A right triangle has exactly one right angle. The two sides adjacent
to the right angle are called legs and the side opposite the right angle is called the hypotenuse.

A

hypotenuse

leg

-
c leg B

You may or may not know the Pythagorean Theorem, which says, for any right triangle, this equation is
true:

(leg)2 + (138)2 = (hyp0tenuse)2

What this means is that if you are given two sides of a right triangle, you can always find the third.
Therefore, if you have two sides of a right triangle are congruent to two sides of another right triangle; you
can conclude that third sides are also congruent.

The Hypotenuse-Leg (HL) Congruence Theorem is a shortcut of this process.
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HL Congruence Theorem: If the hypotenuse and leg in one right triangle are congruent to the hy-
potenuse and leg in another right triangle, then the two triangles are congruent.

AABC and AXYZ are both right triangles and AB = XY and BC = YZ then AABC = AXYZ.

A z

B

Example 6: What information would you need to prove that these two triangles were congruent using
the:

a) HL Theorem?
b) SAS Theorem?

B
Solution:
a) For HL, you need the hypotenuses to be congruent. AC = MN.

b) To use SAS, we would need the other legs to be congruent. AB = ML.

AAA and SSA Relationships There are two other side-angle relationships that we have not discussed:
AAA and SSA.

A P
<7
C
Q

AAA implies that all the angles are congruent.
As you can see, AABC and APRQ are not congruent, even though all the angles are.

SSA relationships do not prove congruence either. See AABC and ADEF below.

A E
J /\
B C D F

Because /B and /D are not the included angles between the congruent sides, we cannot prove that these
two triangles are congruent.
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Recap

Table 3.18:
Side-Angle Relationship Picture Determine Congruence?
SSS By z Yes
AABC = AXYZ
>
& Y
SAS A Yes
¥ AABC = AXYZ
o
B z
Cc
ASA Yes

A Z
\ ?x
ANABC = AXYZ
cﬁﬁ ':bsfde is between
Y“-‘-‘-‘

the two angles

AAS (or SAA) Yes

A X
o gide isnot  AABC = AYZX
between the
/ two angles
B z
Y
z

HL " Yes, Right Triangles Only
i v AABC = AXYZ
c & X
SSA A E NO
B C D F
NO

w

AAA A P
j R
c
Q

Example 7: Write a 2-column proof.

c

F
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Given: AB|[ED, /C = /F, AB=ED
Prove: AF = CD

Solution:
Table 3.19:
Statement Reason
1. AB|ED, /C = (F, AB=ED Given
2. /ABE = /DDB Alternate Interior Angles Theorem
3. AABF = ADEC ASA
4. AF =CD CPCTC

Prove Move: At the beginning of this chapter we introduced CPCTC. Now, it can be used in a proof
once two triangles are proved congruent. It is used to prove the parts of congruent triangles are congruent.

Know What? Revisited Even though we do not know all of the angle measures in the two triangles,
we can find the missing angles by using the Third Angle Theorem. In your parents’ kitchen, the missing
angle is 39°. The missing angle in your neighbor’s kitchen is 50°. From this, we can conclude that the two
kitchens are now congruent, either by ASA or AAS.

Review Questions

e Questions 1-10 are similar to Examples 1, 3, 4, and 6.

e Questions 11-20 are review and use the definitions and theorems explained in this section.
e Question 21-26 are similar to Examples 1, 3, 4 and 6.

e Questions 27 and 28 are similar to Examples 2 and 5.

e Questions 29-31 are similar to Example 4 and Investigation 4-4.

For questions 1-10, determine if the triangles are congruent. If they are, write the congruence statement
and which congruence postulate or theorem you used.

1. A D
B C 4
2. A G
B
H
c |
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L
4.
A O
N
B
C M
5. B
Aﬂo .
@ P
6. A
JQQ x
B B g
7 B
B
E D
8
A c
B
E D
9 X
W,
= Y
10.
w 0
? >xg )
P
Y
Q

For questions 11-15, use the picture to the right and the given information below.
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C

B A

Given: DB 1L AC, DB is the angle bisector of ZCDA

11.
12.
13.

14.
15.

From DB L AC, which angles are congruent and why?

Because DB is the angle bisector of ZCDA, what two angles are congruent?

From looking at the picture, what additional piece of information are you given? Is this enough to
prove the two triangles are congruent?

Write a 2-column proof to prove ACDB = AADB, using #11-13.

What would be your reason for /C = /A?

For questions 16-20, use the picture to the right and the given information.

Given: LP||NO, LP = NO

L.

16.
17.
18.
19.
20.

From LP|NO, which angles are congruent and why?

From looking at the picture, what additional piece of information can you conclude?
Write a 2-column proof to prove ALMP = AOMN.

What would be your reason for LM = MO?

Fill in the blanks for the proof below. Use the given from above.

Prove: M is the midpoint of PN.

Table 3.20:

Statement Reason

1. LP|NO, LP = NO Given

2.
3.

Alternate Interior Angles
ASA

4. LM = MO
5. M is the midpoint of PN.

Determine the additional piece of information needed to show the two triangles are congruent by the given
postulate.

21.

AAS
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fA
B
C
22. ASA
iA
B
C

23. ASA

e

24. AAS

25. HL

26. SAS

S

VT F B

U H

Fill in the blanks in the proofs below.

27. Given: SV L WU L L
T is the midpoint of SV and WU
Prove: WS =z UV

www.ck12.org 144


http://www.ck12.org

.
7

Table 3.21:

Statement Reason

(STW and /UTYV are right angles

ST =TV, WT =TU
. ASTW =2 AUTV
. WS =UV

28. Given: /K = /T, EI is the angle bisector of ZKET
Prove: EI is the angle bisector of /KIT

K
E
T
Table 3.22:

Statement Reason
1.
2. Definition of an angle bisector
3. EI=EI
4. AKEI = ATEI
5. /KIE = /TIE
6. EI is the angle bisector of /KIT

Construction Let’s see if we can construct two different triangles like AKLM and ASTU from Example
4.

145
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29. Look at AKLM.

(a) If msK =70° and msM = 60°, what is msL?
(b) If KL = 2 in, construct AKLM using /L, /K, KL and Investigation 4-4 (ASA Triangle construc-
tion).
30. Look at ASTU.
(a) If msS = 60° and msU = 70°, what is msT?
(b) If ST =2 in, construct ASTU using /S, /T, ST and Investigation 4-4 (ASA Triangle construc-
tion).

31. Are the two triangles congruent?

Review Queue Answers

1. (a) AD = DC,AB = BC
(b) Yes, by the Reflexive Property
(c) ADAB = ADCB by SSS

2. (a) 4L = /N and /M = /P by the Alternate Interior Angles Theorem
(¢) No, no markings or midpoints
(d) No, no congruent sides.

3. (a) Yes, CPCTC

)
)
)
)
(b) ZPON = /LOM by Vertical Angles or the 3" Angle Theorem
)
)
)
)

(b) No, these sides do not line up in the congruence statement.

3.5 Isosceles and Equilateral Triangles

Learning Objectives

e Understand the properties of isosceles and equilateral triangles.
e Use the Base Angles Theorem and its converse.
e Understand that an equilateral triangle is also equiangular.

Review Queue

Find the value of x and/or y.

L. (8x +5)°
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X -3

4. If a triangle is equiangular, what is the measure of each angle?

Know What? Your parents now want to redo the bathroom. To the right are 3 of the tiles they would
like to place in the shower. Each blue and green triangle is an equilateral triangle. What shape is each
dark blue polygon? Find the number of degrees in each of these figures?

Isosceles Triangle Properties

vertex

An isosceles triangle is a triangle that has at least two congruent sides. The congruent sides of the isosceles
triangle are called the legs. The other side is called the base. The angles between the base and the legs
are called base angles. The angle made by the two legs is called the vertex angle.

Investigation 4-5: Isosceles Triangle Construction
Tools Needed: pencil, paper, compass, ruler, protractor

1. Refer back to Investigation 4-2. Using your compass and ruler, draw an isosceles triangle with sides of
3 in, 5 in and 5 in. Draw the 3 in side (the base) horizontally at least 6 inches down the page.
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3in
2. Now that you have an isosceles triangle, use your protractor to measure the base angles and the vertex
angle.
The base angles should each be 72.5° and the vertex angle should be 35°.
We can generalize this investigation for all isosceles triangles.
Base Angles Theorem: The base angles of an isosceles triangle are congruent.

For ADEF, if DE = EF, then /D = /F.
E

D F

To prove the Base Angles Theorem, we need to draw the angle bisector (Investigation 1-5) of ZE.

Given: Isosceles triangle ADEF above, with DE = EF.

Prove: /D = /F

Table 3.23:
Statement Reason
1. Isosceles triangle ADEF with DE = EF Given
2. Construct angle bisector EG of /E Every angle has one angle bisector
E
D G F
3. tDEG = (FEG Definition of an angle bisector
4. EG = EG Reflexive PoC
5. ADEG = AFEG SAS
6. /D= /F CPCTC

Let’s take a further look at the picture from step 2 of our proof.
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D

P

F
Because ADEG = AFEG, we know LEGD = (EGF by CPCTC. These two angles are also a linear pair, so
90° each and EG L DF.

Additionally,_D_G =~ GF by CPCTC, so G is the midpoint of DF. This means that EG is the perpendicular
bisector of DF.

Isosceles Triangle Theorem: The angle bisector of the vertex angle in an isosceles triangle is also the
perpendicular bisector of the base.

Note this is ONLY true of the vertex angle. We will prove this theorem in the review questions.

Example 1: Which two angles are congruent?

S
T

N

Solution: This is an isosceles triangle. The congruent angles, are opposite the congruent sides. From the
arrows we see that 4§ = /U.

S

N

Example 2: If an isosceles triangle has base angles with measures of 47°, what is the measure of the
vertex angle?

47° 47°
Solution: Draw a picture and set up an equation to solve for the vertex angle, v.

47° +47° +v = 180°
y = 180° — 47° —47°
y = 86°

Example 3: If an isosceles triangle has a vertex angle with a measure of 116°, what is the measure of
each base angle?
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116°

b b

Solution: Draw a picture and set up and equation to solve for the base angles, b.

116° + b+ b = 180°
2b = 64°
b =32°

The converses of the Base Angles Theorem and the Isosceles Triangle Theorem are both true.

Base Angles Theorem Converse: If two angles in a triangle are congruent, then the opposite sides are
also congruent.

For ADEF, if /D = (F, then DE = EF.
E

D F

Isosceles Triangle Theorem Converse: The perpendicular bisector of the base of an isosceles triangle
is also the angle bisector of the vertex angle.

For isosceles ADEF, if EG L DF and DG = GF, then /DEG = /FEG.
E

D G F

Equilateral Triangles By definition, all sides in an equilateral triangle have the same length.
Investigation 4-6: Constructing an Equilateral Triangle
Tools Needed: pencil, paper, compass, ruler, protractor

1. Because all the sides of an equilateral triangle are equal, pick one length to be all the sides of the
triangle. Measure this length and draw it horizontally on you paper.

2in
2. Put the pointer of your compass on the left endpoint of the line you drew in Step 1. Open the compass
to be the same width as this line. Make an arc above the line. Repeat Step 2 on the right endpoint.
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W,.

2in

4. Connect each endpoint with the arc intersections to make the equilateral triangle.

/\

2in

Use the protractor to measure each angle of your constructed equilateral triangle. What do you notice?

From the Base Angles Theorem, the angles opposite congruent sides in an isosceles triangle are congruent.
So, if all three sides of the triangle are congruent, then all of the angles are congruent, 60° each.

Equilateral Triangle Theorem: All equilateral triangles are also equiangular. Also, all equiangular

triangles are also equilateral.
A
Cﬁ B
If AB = BC = AC, then /A = /B = /C.

If /A = /B=/C, then AB = BC = AC.

Example 4: Algebra Connection Find the value of x.

SA
1
1

Solution: Because this is an equilateral triangle 3x — 1 = 11. Solve for x.

3x-1=11
3x =12
x=4

Example 5: Algebra Connection Find the value of x and the measure of each angle.
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{\ (4x +12)°

£

Solution: Similar to Example 4, the two angles are equal, so set them equal to each other and solve for x.

(4x 4+ 12)° = (5x - 3)°
15°=x

Substitute x = 15°; the base angles are 4(15°) + 12, or 72°. The vertex angle is 180° — 72° — 72° = 36°.

Know What? Revisited Let’s focus on one tile. First, these triangles are all equilateral, so this is an
equilateral hexagon (6 sides). Second, we now know that every equilateral triangle is also equiangular, so
every triangle within this tile has 3 60° angles. This makes our equilateral hexagon also equiangular, with

each angle measuring 120°. Because there are 6 angles, the sum of the angles in a hexagon are 6 - 120° or
720°.

Review Questions

e Questions 1-5 are similar to Investigations 4-5 and 4-6.

e Questions 6-14 are similar to Examples 2-5.

e Question 15 uses the definition of an equilateral triangle.

e Questions 16-20 use the definition of an isosceles triangle.

e Question 21 is similar to Examples 2 and 3.

e Questions 22-25 are proofs and use definitions and theorems learned in this section.
e Questions 26-30 use the distance formula.

Constructions For questions 1-5, use your compass and ruler to:

1. Draw an isosceles triangle with sides 3.5 in, 3.5 in, and 6 in.

2. Draw an isosceles triangle that has a vertex angle of 100° and legs with length of 4 cm. (you will
also need your protractor for this one)

3. Draw an equilateral triangle with sides of length 7 cm.

4. Using what you know about constructing an equilateral triangle, construct (without a protractor) a
60° angle.

5. Draw an isosceles right triangle. What is the measure of the base angles?

For questions 6-14, find the measure of x and/or y.
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10.

11.

12.

13.

10

b

N
-3

-9 X +5

77°

[8)]
=
1
i
o

2\

1

(8y +4)°

-
[{e]
=
+
w

-2

(4]
-

(8y -16)°
%

£

8x +14
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14. (2x +10)°

15. AEQG is an equilateral triangle. If EU bisects /LEQ, find:
E

(a)

(b) mLUEL
(¢c) m/ELQ
(d) If EQ = 4, find LU.

Determine if the following statements are true or false.

16. Base angles of an isosceles triangle are congruent.

17. Base angles of an isosceles triangle are complementary.

18. Base angles of an isosceles triangle can be equal to the vertex angle.
19. Base angles of an isosceles triangle can be right angles.

20. Base angles of an isosceles triangle are acute.

21. In the diagram below, [1||l>. Find all of the lettered angles.

Fill in the blanks in the proofs below.

22. Given: Isosceles ACIS, with base angles /C and £S§
10 is the angle bisector of £CIS L
Prove: 10 is the perpendicular bisector of CS
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Table 3.24:

Statement Reason

1. Given

2. Base Angles Theorem

3. LCIO = /S1O

4. Reflexive PoC

5. ACIO = AS 1O

6. CO=0S

7. CPCTC

8. £I0C and ZI0S are supplementary

9. Congruent Supplements Theorem

10. 10 is the perpendicular bisector of CS

23. Given: Equilateral ARST with RT = ST = RS
Prove: ARST is equiangular

R
S
T
Table 3.25:

Statement Reason
1 Given
2. Base Angles Theorem
3. Base Angles Theorem
4. Transitive PoC
5. ARST is equiangular

24. Given: Isosceles AICS with /C and 4§
10 is the_ perpendicular bisector of CS
Prove: 10 is the angle bisector of ZCIS
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Table 3.26:

Statement Reason
1.

2. L.C=/.S

3. CO=0S

4. m/10C = m/I0S = 90°

5.

6. CPCTC
7. 10 is the angle bisector of /CIS

25. Given: Isosceles AABC with base angles /B and /C
Isosceles AXYZ with base angles /Y and /Z
LC = /7, BC=YZ
Prove: AABC = AXYZ

A X
Y
Cc B b
Table 3.27:
Statement Reason
1.
2. tB=/C, LY =/Z
3. /tB=/Y
4. AABC = AXYZ

Coordinate Plane Geometry On the x —y plane, plot the coordinates and determine if the given three
points make a scalene or isosceles triangle.

26. (-2, 1), (1, -2), (-5, -2)
27. (-2, 5), (2, 4), (0, -1)
28. (6, 9), (12, 3), (3, -6)
29. (-10, -5), (-8, 5), (2, 3)
30. (-1, 2), (7, 2), (3,9)

Review Queue Answers

1. (bx—1)°+ (8x+5)° + (4x 4+ 6)° = 180°
17x + 10 = 180°
17x = 170°
x =10°
2. x=40°y="T0°
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3. x-3=38
xX=95
4. Bach angle is 18- or 60°

3.6 Chapter 4 Review

Symbols Toolbox

Congruent Triangles and their corresponding parts

N _\_| = UG
LCELD ¢ _ )

\
\

i

o X - o
ACAT=ADOG ACAT=ADO
\\/

LAZLO T = Do

Definitions, Postulates, and Theorems

Triangle Sums

o Interior Angles

o Vertex

e Triangle Sum Theorem

o Exterior Angle

e Exterior Angle Sum Theorem
e Remote Interior Angles

o Exterior Angle Theorem

Congruent Figures

e Congruent Triangles

o Congruence Statements

e Third Angle Theorem

e Reflexive Property of Congruence

e Symmetric Property of Congruence
e Transitive Property of Congruence

Triangle Congruence using SSS and SAS

o Side-Side-Side (SSS) Triangle Congruence Postulate

e Included Angle

o Side-Angle-Side (SAS) Triangle Congruence Postulate
o Distance Formula

Triangle Congruence using ASA, AAS, and HL

o Angle-Side-Angle (ASA) Congruence Postulate
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o Angle-Angle-Side (AAS) Congruence Theorem
o Hypotenuse

Legs (of a right triangle)

e HL Congruence Theorem

Isosceles and Equilateral Triangles

o Base

e Base Angles

e Vertex Angle

o Legs (of an isosceles triangle)

o Base Angles Theorem

o Isosceles Triangle Theorem

e Base Angles Theorem Converse

e Isosceles Triangle Theorem Converse
o Equilateral Triangles Theorem

Review

For each pair of triangles, write what needs to be congruent in order for the triangles to be congruent.
Then, write the congruence statement for the triangles.

1. HL

Cc

2. ASA

3. AAS

4. SSS
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c
D
5. SAS
C
2 B
E D
F

Using the pictures below, determine which theorem, postulate or definition that supports each statement
below.

6. m/1 4+ m/2 = 180°
7. /5= /6

8. msl+ms4 +ms3
9. m/8 = 60°

10. ms5 + ms6 + ms7 = 180°
11. 28 = /9 = /10
12. If ms7 = 90°, then m/5 = m/6 = 45°

Texas Instruments Resources

In the CK-12 Texas Instruments Geometry FlexBook, there are graphing calculator activities
designed to supplement the objectives for some of the lessons in this chapter. See http:
//www.ckl12.org/flexr/chapter/9689.

3.7 Study Guide

Keywords: Define, write theorems, and/or draw a diagram for each word below.
1% Section: Triangle Sums

Interior Angles

Vertex

Triangle Sum Theorem

Exterior Angle Exterior Angle Sum Theorem

Remote Interior Angles
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Exterior Angle Theorem

Homework:

2"d Section: Congruent Figures

Congruent Triangles

Congruence Statements

Third Angle Theorem

Reflexive Property of Congruence

Symmetric Property of Congruence

Transitive Property of Congruence

Homework:

3" Section: Triangle Congruence using SSS and SAS
Side-Side-Side (SSS) Triangle Congruence Postulate
Included Angle

Side-Angle-Side (SAS) Triangle Congruence Postulate

Distance Formula

A D

B

Homework:

4" Section: Triangle Congruence using ASA, AAS, and HL
Angle-Side-Angle (ASA) Congruence Postulate

Angle-Angle-Side (AAS) Congruence Theorem

Hypotenuse

Legs (of a right triangle)

HL Congruence Theorem

]

.
7

Homework:

V

5" Section: Isosceles and Equilateral Triangles
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Base

Base Angles

Vertex Angle

Legs (of an isosceles triangle)

Base Angles Theorem

Isosceles Triangle Theorem

Base Angles Theorem Converse
Isosceles Triangle Theorem Converse

Equilateral Triangle Theorem

Homework:
E

D F
A

€ B

161

www.ck12.org


http://www.ck12.org

Chapter 4

Right Triangle Trigonometry

Chapter 8 takes a look at right triangles. A right triangle is a triangle with exactly one right angle. In this
chapter, we will prove the Pythagorean Theorem and its converse. Then, we will introduce trigonometry
ratios. Finally, there is an extension about the Law of Sines and the Law of Cosines.

4.1 The Pythagorean Theorem

Learning Objectives

e Review simplifying and reducing radicals.
e Prove and use the Pythagorean Theorem.
e Use the Pythagorean Theorem to derive the distance formula.

Review Queue

. Draw a right scalene triangle.

. Draw an isosceles right triangle.

. List all the factors of 75.

. Write the prime factorization of 75.

=W N =

Know What? For a 52” TV, 527 is the length of the diagonal. High Definition Televisions (HDTVs) have
sides in a ratio of 16:9. What are the length and width of a 52” HDTV?

length

o

52" width

s

Simplifying and Reducing Radicals

In algebra, you learned how to simplify radicals. Let’s review it here.

Example 1: Simplify the radical.
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a) V50

b) V27

c) V272

Solution: For each radical, find the square number(s) that are factors.
2) VB0 — V3572 — 542

b) V27 = V9.3 =33

c) V272 = V16 - 17 = 417

When adding radicals, you can only combine radicals with the same number underneath it. For example,
25 + 36 cannot be combined, because 5 and 6 are not the same number.

Example 2: Simplify the radicals.

a) 2V10 + V160

b) 5v6-4V18

c) V8122

a) (5v2)’

Solution:

a) Simplify V160 before adding: 2 V10 + V160 = 2V10 4+ V1610 = 2V10 + 4 V10 = 6 V10
b) To multiply two radicals, multiply what is under the radicals and what is in front.
5V6-4V18=15-4V6-18 =20V108 = 20V36-3 = 20-6V3 = 120 V3

c) V8-12v2=12V8-2=12V16=12-4 =48

d) (5 \/5)2 =52 ( \/5)2 =25-2 =50 — the / and the 2 cancel each other out

Lastly, to divide radicals, you need to simplify the denominator, which means multiplying the top and
bottom of the fraction by the radical in the denominator.

Example 3: Divide and simplify the radicals.
a) 4V6 + V3
b)

£ 2l

82
C)G\ﬁ

Solution: Rewrite all division problems like a fraction.

a)

4Jg+f=%‘@=%=4m=4%ﬁ=4ﬁ

3 3

i T s e \
* like multiplying by 1, — does not change the value of the fraction

b) V30 . V8 _ V240 _ V1615 _ 4V15 _ NI

V8 8 N 8 8 2

)w.ﬁ_sm_m/ﬁ_m/ﬁ

©)evi V& 67 — 37 — 2l

Notice, we do not really “divide” radicals, but get them out of the denominator of a fraction.
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The Pythagorean Theorem

We have used the Pythagorean Theorem already in this text, but have not proved it. Recall that the sides
of a right triangle are the legs (the sides of the right angle) and the hypotenuse (the side opposite the

[1)]

right angle). For the Pythagorean Theorem, the legs are “a” and “b” and the hypotenuse is “c”.

hypo_tenuse

C

leg

[ n

leg “b”

Pythagorean Theorem: Given a right triangle with legs of lengths @ and b and a hypotenuse of length
c, then a? + b? = 2.

Investigation 8-1: Proof of the Pythagorean Theorem

Tools Needed: pencil, 2 pieces of graph paper, ruler, scissors, colored pencils (optional)

1. On the graph paper, draw a 3 in. square, a 4 in. square, a 5 in. square and a right triangle with legs
of 3 in. and 4 in.
2. Cut out the triangle and square and arrange them like the picture on the right.

3. This theorem relies on area. Recall that the area of a square is side®. In this case, we have three
squares with sides 3 in., 4 in., and 5 in. What is the area of each square?

4. Now, we know that 9+ 16 = 25, or 32 +42 = 52. Cut the smaller squares to fit into the larger square,
thus proving the areas are equal.

For two more proofs, go to: http://www.mathsisfun.com/pythagoras.html and scroll down to “And
You Can Prove the Theorem Yourself.”

Using the Pythagorean Theorem
Here are several examples of the Pythagorean Theorem in action.

Example 4: Do 6, 7, and 8 make the sides of a right triangle?
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8

Solution: Plug in the three numbers to the Pythagorean Theorem. The largest length will always be
the hypotenuse. If 62 + 72 = 82, then they are the sides of a right triangle.

6%+ 7% =36 +49 = 85
82 =64 85 # 64, so the lengths are not the sides of a right triangle.

Example 5: Find the length of the hypotenuse.

15

Solution: Use the Pythagorean Theorem. Set @ = 8 and b = 15. Solve for c.

8% 4+ 15% = ¢

64 + 225 = ¢*
289 = ¢? Take the square root of both sides.

17=c¢

When you take the square root of an equation, the answer is 17 or -17. Length is never negative, which
makes 17 the answer.

Example 6: Find the missing side of the right triangle below.
P 14

Solution: Here, we are given the hypotenuse and a leg. Let’s solve for b.

72 + b% = 142
49 + b* = 196
b = 147

b= V147 = V49-3 =73

Example 7: What is the diagonal of a rectangle with sides 10 and 167
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16

d 10

-

Solution: For any square and rectangle, you can use the Pythagorean Theorem to find the length of a
diagonal. Plug in the sides to find d.

10 +16% = d*
100 + 256 = d?
356 = d?

d = V356 = 2V89 ~ 18.87

Pythagorean Triples

In Example 5, the sides of the triangle were 8, 15, and 17. This combination of numbers is called a
Pythagorean triple.

Pythagorean Triple: A set of three whole numbers that makes the Pythagorean Theorem true.

3,4,5 5,12,13 7,24,25 8,15,17 9,12,15 10, 24, 26

Any multiple of a Pythagorean triple is also considered a triple because it would still be three whole
numbers. Multiplying 3, 4, 5 by 2 gives 6, 8, 10, which is another triple. To see if a set of numbers makes
a triple, plug them into the Pythagorean Theorem.

Example 8: Is 20, 21, 29 a Pythagorean triple?
Solution: If 202 4 212 = 292, then the set is a Pythagorean triple.

202 + 212 = 400 + 441 = 841
292 = 841

Therefore, 20, 21, and 29 is a Pythagorean triple.

Height of an Isosceles Triangle

One way to use The Pythagorean Theorem is to find the height of an isosceles triangle.

(& b |

Example 9: What is the height of the isosceles triangle?
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14

Solution: Draw the altitude from the vertex between the congruent sides, which bisect the base.

7 n?=9
49 + h% = 81
h? = 32

h=V32=V16-2=4V2

The Distance Formula

Another application of the Pythagorean Theorem is the Distance Formula. We will prove it here.

M

A, v

T

h 4

B(x., )

~
ra

M

Let’s start with point A(x1,y1) and point B(x2,y2), to the left. We will call the distance between A and
B,d.

Draw the vertical and horizontal lengths to make a right triangle.

i)

Alx;, 1)

Yi-Ys

| X, FX| | B(x., )

M

h 4

Now that we have a right triangle, we can use the Pythagorean Theorem to find the hypotenuse, d.
d* = (x1 = x2)* + (y1 — y2)°

d= \/(Xl —x2)? + (y1 — y2)?
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Distance Formula: The distance A(x1,y1) and B(xa,y2) is d = /(x1 — x2)2 + (y1 — y2)%.
Example 10: Find the distance between (1, 5) and (5, 2).
Solution: Make A(1,5) and B(5,2). Plug into the distance formula.

d=\(1-5)2+(5-2)
= (-4)2+ (3)?
=V16+9=V25=5

Just like the lengths of the sides of a triangle, distances are always positive.

Know What? Revisited To find the length and width of a 52”7 HDTV, plug in the ratios and 52 into
the Pythagorean Theorem. We know that the sides are going to be a multiple of 16 and 9, which we will
call n.

(16n)? + (9n)? = 522
256n° + 81n® = 2704

337n% = 2704
n® = 8.024
n=283

"

9n 52

LN

16n
The dimensions of the TV are 16(2.83”) x 9(2.83”), or 45.3” x 25.5”.

Review Questions

e Questions 1-9 are similar to Examples 1-3.

e Questions 10-15 are similar to Example 5 and 6.

e Questions 16-19 are similar to Example 7.

¢ Questions 20-25 are similar to Example 8.

e Questions 26-28 are similar to Example 9.

e Questions 29-31 are similar to Example 10.

e Questions 32 and 33 are similar to the Know What?

e Question 34 and 35 are a challenge and similar to Example 9.

Simplify the radicals.

. 2V5 + V20
V24
.(6\/5)2

. 8v8- V10

W N
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Find the length of the missing side. Simplify all radicals.

10.

/

21
11. 18
N
12.
/\5
32
13.
122

ok
N

14. 55

15.
2

)4

45

16. If the legs of a right triangle are 10 and 24, then the hypotenuse is
17. If the sides of a rectangle are 12 and 15, then the diagonal is
18. If the sides of a square are 16, then the diagonal is
19. If the sides of a square are 9, then the diagonal is

Determine if the following sets of numbers are Pythagorean Triples.
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20. 12, 35, 37
21. 9, 17, 18
22. 10, 15, 21
23. 11, 60, 61
24. 15, 20, 25
25. 18, 73, 75

Find the height of each isosceles triangle below. Simplify all radicals.

26.
16 '
)
|
]
20
27.
: 25
h
|
]
28
28.
17

12
Find the length between each pair of points.

29. (-1, 6) and (7, 2)

30. (10, -3) and (-12, -6)

31. (1, 3) and (-8, 16)

32. What are the length and width of a 42” HDTV? Round your answer to the nearest tenth.

33. Standard definition T'Vs have a length and width ratio of 4:3. What are the length and width of a
42”7 Standard definition TV? Round your answer to the nearest tenth.

34. Challenge An equilateral triangle is an isosceles triangle. If all the sides of an equilateral triangle
are 8, find the height. Leave your answer in simplest radicalform.

<« 88—
35. If the sides are length s, what would the height be?
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Review Queue Answers

1.

3. Factors of 75: 1, 3, 5, 15, 25, 75
4. Prime Factorization of 75: 3-5-5

4.2 Converse of the Pythagorean Theorem

Learning Objectives

e Understand the converse of the Pythagorean Theorem.
e Determine if a triangle is acute or obtuse from side measures.

Review Queue

1. Determine if the following sets of numbers are Pythagorean triples.

(a) 14, 48, 50
(b) 9, 40, 41
(c) 12, 43, 44
(d) 12, 35, 37

2. Simplify the radicals.
2
(a) (5V12)
(b) 5
(c)

Sk

Know What? A friend of yours is designing a building and wants it to be rectangular. One wall 65 ft.
long and the other is 72 ft. long. How can he ensure the walls are going to be perpendicular?

72 ft.
H L]

65 ft.
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Converse of the Pythagorean Theorem

Pythagorean Theorem Converse: If the square of the longest side of a triangle is equal to the sum of
the squares of the other two sides, then the triangle is a right triangle.

If a® + b? = ¢?, then AABC is a right triangle.
A

b

C a B

With this converse, you can use the Pythagorean Theorem to prove that a triangle is a right triangle, even
if you do not know any angle measures.

Example 1: Determine if the triangles below are right triangles.

a) 16

8/5 8

24 22

26

Solution: Check to see if the three lengths satisfy the Pythagorean Theorem. Let the longest side represent
c.

a) a® + b* = ¢*

82 +162 L (3 V5)’
64 + 256 = 64 -5
320 = 320 Yes
b) a® + b? = ¢?
9292 1 242 L 962

?

484 + 576 = 676
1060 # 676 No

Example 2: Do the following lengths make a right triangle?

a) V5,3, V14
b) 6,2V3,8
c) 3v2,4V2,5V2
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Solution: Even though there is no picture, you can still use the Pythagorean Theorem. Again, the longest
length will be c.

a) (V5) +32 = VIP?
5+9=14
Yes

b) 62+ (23)" = 82
36+ (4-3) = 64
36+ 12 # 64

¢) This is a multiple of V2 of a 3, 4, 5 right triangle. Yes, this is a right triangle.

Identifying Acute and Obtuse Triangles

We can extend the converse of the Pythagorean Theorem to determine if a triangle is an obtuse or acute
triangle.

Theorem 8-3: If the sum of the squares of the two shorter sides in a right triangle is greater than the
square of the longest side, then the triangle is acute.

b<canda<c

If a® + b% > ¢?, then the triangle is acute.

C

A C B

Theorem 8-4: If the sum of the squares of the two shorter sides in a right triangle is less than the square
of the longest side, then the triangle is obtuse.
b<canda<c

If a® + b? < ¢?, then the triangle is obtuse.

C

A 5 B

Example 3: Determine if the following triangles are acute, right or obtuse.
a)
6 3V5
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15 21

14
Solution: Set the longest side equal to c.

2
a) 62 +(3\/5) ? 82
36+457 64
81> 64
The triangle is acute.

b) 152 + 142 ? 212
225 + 196 ? 441
421 < 441

The triangle is obtuse.

Example 4: Graph A(-4,1),B(3,8), and C(9,6). Determine if AABC is acute, obtuse, or right.

A
o L ]
4 - e
s 2
A AF TN 2 14 ¢ >
:
v

Solution: Use the distance formula to find the length of each side.
AB= \[(-4-3)? + (1-8)2 = VIO 1 19 = V0B = 72
BC= \(3-9)2+(8-6)2= V361 1= Vi0=2Vi0
AC = \(=4-9)2 + (1-6)2 = V169 1 25 = Vi0d

Plug these lengths into the Pythagorean Theorem.

(VO8)” + (Va0)” 7 (Viod)’
98 +40 7 194
138 < 194

AABC is an obtuse triangle.
Know What? Revisited Find the length of the diagonal.
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65% + 72 = ¢?
4225 + 5184 = ¢*
9409 = ¢?

97 =c¢ To make the building rectangular, both diagonals must be 97 feet.

Review Questions

e Questions 1-6 are similar to Examples 1 and 2.

e Questions 7-15 are similar to Example 3.

e Questions 16-20 are similar to Example 4.

e Questions 21-24 use the Pythagorean Theorem.

e Question 25 uses the definition of similar triangles.

Determine if the following lengths make a right triangle.

7,24, 25
V5,210,3V5
23, V6,8

15, 20, 25

20, 25, 30
8+3,6,2v39

SO W=

Determine if the following triangles are acute, right or obtuse.

7.7,8,9
8. 14, 48, 50
9. 5,12, 15
10. 13, 84, 85
11. 20, 20, 24
12. 35, 40, 51
13. 39, 80, 89
14. 20, 21, 38
15. 48, 55, 76

Graph each set of points and determine if AABC is acute, right, or obtuse, using the distance formula.

16. A(3,-5),B(-5,-8),C(-2,7)

17. A(5,3),B(2,-7),C(-1,5)

18. A(1,6),B(5,2),C(-2,3)

19. A(=6,1), B(-4,-5),C(5,-2)

20. Show that #18 is a right triangle by using the slopes of the sides of the triangle.
The figure to the right is a rectangular prism. All sides (or faces) are either squares (the front and
back) or rectangles (the four around the middle). All faces are perpendicular.
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12

5
21. Find c.
22. Find d.

Now, the figure is a cube, where all the sides are squares. If all the sides have length 4, find:

23. Find c.
24. Find d.

E
25. Writing Explain why m/A = 90°.

Review Queue Answers

4.3 Using Similar Right Triangles

Learning Objectives

o Identify similar triangles inscribed in a larger triangle.
o Use proportions in similar right triangles.

Review Queue

1. Solve the following ratios.

SRR
6 _ _x
(b) =31
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12
(c) 5=+

2. If the legs of an isosceles right triangle are 4, find the length of the hypotenuse. Draw a picture and

simplify the radical.

Know What? The bridge to the right is called a truss bridge. It is a steel bridge with a series of right
triangles that are connected as support. All the red right triangles are similar. Can you find x,y and z7

Inscribed Similar Triangles

You may recall that if two objects are similar, corresponding angles are congruent and their sides are

proportional in length.

Theorem 8-5: If an altitude is drawn from the right angle of any right triangle, then the two triangles

formed are similar to the original triangle and all three triangles are similar to each other.

A

D C B

In AADB,m/A = 90° and ACLDB, then AADB ~ ACDA ~ ACAB.

D B

Example 1: Write the similarity statement for the triangles below.

30°
R E

Solution: Separate out the three triangles.

177
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IN |

|
30° M m
R E g Es g R

Line up the congruent angles: AIRE ~ AITR ~ ARTE
We can also use the side proportions to find the length of the altitude.
Example 2: Find the value of x.

E

£ 10
6 X
D 3 G
Solution: Separate the triangles to find the corresponding sides.
E 5 -
6 X

G E X D

D 8 G g

Set up a proportion.

shorter leg in AEDG  hypotenuse in AEDG
shorter leg in ADFG  hypotenuse in ADFG

6 10
x 8
48 = 10x
4.8 =x

Example 3: Find the value of x.
S

R T
& 20 y 4::

Solution: Set up a proportion.
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shorter leg in ASVT  hypotenuse in ASVT
shorter leg in ARST ~ hypotenuse in ARST

4_x
x 20
x% =80

x= V80 =45

Example 4: Find the value of y in ARST above.
Solution: Use the Pythagorean Theorem.
¥+ (4V5) = 202
y2 + 80 = 400
y? =320
y= V320 =85

The Geometric Mean

Geometric Mean: The geometric mean of two positive numbers a and b is the positive number x, such
that%zgorﬁ:ab and x = Vab.

Example 5: Find the geometric mean of 24 and 36.

Solution: x = V24-36 = V12-2-12-3 =126

Example 6: Find the geometric mean of 18 and 54.
Solution: x = V1854 = VI8 18-3 =18 V3

In both of these examples, we did not multiply the numbers together. This makes it easier to simplify the
radical. A practical application of the geometric mean is to find the altitude of a right triangle.

Example 7: Find the value of x.

27 9
Solution: Set up a proportion.

shortest leg of smallest A longer leg of smallest A
shortest leg of middle n — longer leg of middle A

97x
x 27
x2 =243

x= V243 =93

In Example 7, 2 = £ is in the definition of the geometric mean. So, the altitude is the geometric mean of

x 27
the two segments that it divides the hypotenuse into. In other words, % = %. Two other true proportions
BC _ AB .4 DC _ AD
AD

areﬁ—man = DB-

179 www.ck12.org


http://www.ck12.org

D C B

Example 8: Find the value of x and y.

20

y

Solution: Separate the triangles. Write a proportion for x.

35 X
X
20 y
] j
y 15

0_x

x 35

x> =20-35
x= Vv20-35
leO‘ﬁ

Set up a proportion for y. Or, you can use the Pythagorean Theorem to solve for y.

15
7:% (10V7)? +y? = 352
y> =15-35 700 + y? = 1225
y=V15-35 y = V525 =521
y=5v21 Use the method you feel most comfortable with.

Know What? Revisited To find the hypotenuse of the smallest triangle, do the Pythagorean Theorem.

70
28

45
53

112.5 132.5
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452 + 982 = &?
2809 = x°
53 =x

Because the triangles are similar, find the scale factor of g—g = 2.5.

y=45-25=112.5 and z = 53-2.5 = 135.5

Review Questions

e Questions 1-4 use the ratios of similar right triangles.
Questions 5-8 are similar to Example 1.

e Questions 9-11 are similar to Examples 2-4

e Questions 12-17 are similar to Examples 5 and 6.

e Questions 18-29 are similar to Examples 2, 3, 4, 7, and 8.
e Question 30 is a proof of theorem 8-5.

Fill in the blanks.

A
B C D

1. ABAD ~ A ~A
9 BC _ 7

C e SR
3. X = 7T
4. -2 — AD

° AD BD

Write the similarity statement for the right triangles in each diagram.
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M L

Use the diagram to answer questions 8-11.

K

8. Write the similarity statement for the three triangles in the diagram.
9. If IM =12 and ML =9, find KM.

10. Find JK.

11. Find KL.

Find the geometric mean between the following two numbers. Simplify all radicals.

12. 16 and 32
13. 45 and 35
14. 10 and 14
15. 28 and 42
16. 40 and 100
17. 51 and 8

Find the length of the missing variable(s). Simplify all radicals.

18.

30 24
19. 5
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20.

21.

12

36

22.

15

16

|
L]

63

28

Ld
™

23.

24.

15

25.

21

26.

www.ck12.org
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27.

28.

29. v Z

b

30. Fill in the blanks of the proof for Theorem 8-5.

B

o
@]
>

Given: AABD with AC L DB and /DAB is a right angle.
Prove: AABD ~ ACBA ~ ACAD

Table 4.1:
Statement Reason
1. Given
2. /DCA and /ACB are right angles
3. /DAB = /DCA = /ACB
4. Reflexive PoC
5. AA Similarity Postulate
6. B= /B
7. ACBA = AABD
8. ACAD = ACBA

Review Queue Answers

1. (a) 2=2%£ >x*=81->x=9

(b) Y=t a2 =545 x= V5= V0-6=36

(c) %:%—)x2:180—>x:\/ﬁz\/m:2-3\/g:6‘/5
2. 4% 442 =p?

h= V32=4+2
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4.4 Special Right Triangles
Learning Objectives

e Learn and use the 45-45-90 triangle ratio.
e Learn and use the 30-60-90 triangle ratio.

Review Queue

Find the value of the missing variables. Simplify all radicals.

1.

4 X

2. 3 9
y

3 Z
:L

102N\ T

4. Is 9, 12, and 15 a right triangle?
5. Is 3, 3V3, and 6 a right triangle?

Know What? A baseball diamond is a square with sides that are 90 feet long. Each base is a corner of
the square. What is the length between 1% and 3’ base and between 2 base and home plate? (the red
dotted lines in the diagram).
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Isosceles Right Triangles

There are two special right triangles. The first is an isosceles right triangle.

Isosceles Right Triangle: A right triangle with congruent legs and acute angles. This triangle is also
called a 45-45-90 triangle (after the angle measures).

B

A C
AABC is a right triangle with:

msA = 90°
AB=AC
miB =m/C = 45°

Investigation 8-2: Properties of an Isosceles Right Triangle
Tools Needed: Pencil, paper, compass, ruler, protractor

1. Draw an isosceles right triangle with 2 inch legs and the 90° angle between them.

-

2. Find the measure of the hypotenuse, using the Pythagorean Theorem. Simplify the radical.
22 492 = (2
8 =c?

What do you notice about the length of the legs and hypotenuse?
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3. Now, let’s say the legs are of length x and the hypotenuse is h. Use the Pythagorean Theorem to find
the hypotenuse. How is it similar to your answer in #27

P+ =n?
2x% = h?
xV2=nh

45-45-90 Theorem: If a right triangle is isosceles, then its sides are x : x : x V2.

For any isosceles right triangle, the legs are x and the hypotenuse is always x V2. Because the three
angles are always 45°,45°, and 90°, all isosceles right triangles are similar.

Example 1: Find the length of the missing sides.
a) g

9y2

C B

Solution: Use the x : x : x V2 ratio.

a) TV = 6 because it is equal to ST. So, SV =6 - V2 =6+V2.

b) AB = 92 because it is equal to AC. So, BC =9V2- V2=9.2=18.
Example 2: Find the length of x.
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Solution: Use the x : x : x V2 ratio.

a) 12V2 is the diagonal of the square. Remember that the diagonal of a square bisects each angle, so it
splits the square into two 45-45-90 triangles. 12 V2 would be the hypotenuse, or equal to x V2.

12V2 = xV2
12 =1x

b) Here, we are given the hypotenuse. Solve for x in the ratio.

xV2 =16
16 2 16 V2

TV 2

In part b, we rationalized the denominator which we learned in the first section.

30-60-90 Triangles

The second special right triangle is called a 30-60-90 triangle, after the three angles. To draw a 30-60-90
triangle, start with an equilateral triangle.

Investigation 8-3: Properties of a 30-60-90 Triangle
Tools Needed: Pencil, paper, ruler, compass

1. Construct an equilateral triangle with 2 inch sides.

= ; |
http://www.mathsisfun.com/geometry/construct-equitriangle.html

2. Draw or construct the altitude from the top vertex to form two congruent triangles.

60°

3. Find the measure of the two angles at the top vertex and the length of the shorter leg.
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The top angles are each 30° and the shorter leg is 1 in because the altitude of an equilateral triangle is also
the angle and perpendicular bisector.

4. Find the length of the longer leg, using the Pythagorean Theorem. Simplify the radical.

12 + p2 = 92
1+b*=4
b =3

b= V3

5. Now, let’s say the shorter leg is length x and the hypotenuse is 2x. Use the Pythagorean Theorem to
find the longer leg. How is this similar to your answer in #47

b 30°\, 2x
60°
X
x? + b% = (2x)?
X2+ b? = 4x?
b = 3x*

b=xV3

30-60-90 Theorem: If a triangle has angle measures 30°,60° and 90°, then the sides are x : x V3 : 2x.

The shortest leg is always x, the longest leg is always x V3, and the hypotenuse is always 2x. If you ever
forget these theorems, you can still use the Pythagorean Theorem.

Example 3: Find the length of the missing sides.

a)

f
20 60°

Solution: In part a, we are given the shortest leg and in part b, we are given the hypotenuse.
a) If x = 5, then the longer leg, b = 53, and the hypotenuse, ¢ = 2(5) = 10.

b) Now, 2x = 20, so the shorter leg, f = % = 10, and the longer leg, g = 10 V3.

Example 4: Find the value of x and y.
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60°

Solution: In part a, we are given the longer leg and in part b, we are given the hypotenuse.

a) xV3 =12

12 V3 _ 12v3 _
o= =4V
The hypotenuse is

y=2(4V3) =83
b) 2x =16

x=28

The longer leg is
y=8-V3=8+3

Example 5: A rectangle has sides 4 and 4 V3. What is the length of the diagonal?

X =

Solution: If you are not given a picture, draw one.

43

The two lengths are x, x V3, so the diagonal would be 2x, or 2(4) = 8.
If you did not recognize this is a 30-60-90 triangle, you can use the Pythagorean Theorem too.

42+(4\/§)2:d2
16 + 48 = d?
d= V64=38

Example 6: A square has a diagonal with length 10, what are the sides?

Solution: Draw a picture.
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—

S
We know half of a square is a 45-45-90 triangle, so 10 = s V2.
sV2 =10

_ 10 V2 10V2
s-\/ﬁ\/_ — =52

Know What? Revisited The distance between 1% and 3¢ base is one of the diagonals of the square.

So, it would be the same as the hypotenuse of a 45-45-90 triangle.

Review Questions

e Questions 1-4 are similar to Example 1-4.

e Questions 5-8 are similar to Examples 5 and 6.
e Questions 9-23 are similar to Examples 1-4.

e Questions 24 and 25 are a challenge.

1. In an isosceles right triangle, if a leg is 4, then the hypotenuse is

2. In a 30-60-90 triangle, if the shorter leg is 5, then the longer leg is

potenuse is
In an isosceles right triangle, 1f a leg is x, then the hypotenuse is

= Lo

potenuse is

A square’s diagonal is 22. What is the length of each side?

Sl B

two sides?

For questions 9-23, find the lengths of the missing sides. Simplify all radicals.

191

Using our ratios, the distance is
90 V2 ~ 127.3 ft. The distance between 2" base and home plate is the same length.

and the hy-

and the hy-

In a 30-60-90 triangle, if the shorter leg is x, then the longer leg is
A square has sides of length 15 What is the length of the diagonal?

A rectangle has sides of length 6 and 6 V3. What is the length of the diagonal?
Two (opposite) sides of a rectangle are 10 and the diagonal is 20. What is the length of the other
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10.
6{2 c
a
11.
fl
!
e
26
12.
h
10
30°
g
13. j
k
24 60°
14.
33 X
60°
y
15. n
30°
N3 L

www.ck12.org 192


http://www.ck12.org

16.

p
q ——
S
14
17. s
643 60°
18. w
18 +\- | X
19.
27
60°
b
20. 125
30°
p
21. 2J_2
S
‘\]
22. v
5{3
600 W

193
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23.

15 f

g

Challenge For 24 and 25, find the value of y. You may need to draw in additional lines. Round all answers
to the nearest hundredth.

24.
8{2

Review Queue Answers

1. 42 + 42 = »?
32 = x?
x =42
2. 32 +y? =62
y2 =27
y:3‘/§
3. 2% 422 = (10v2)
2x% =200
x2 =100
x =10

4. Yes, 92 4122 =152 — 81 + 144 = 225
2
5. Yes, 32+ (3V3) =62 > 9+27 =36

4.5 Tangent, Sine and Cosine

Learning Objectives

e Use the tangent, sine and cosine ratios.
e Use a scientific calculator to find sine, cosine and tangent.
o Use trigonometric ratios in real-life situations.
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Review Queue

1. The legs of an isosceles right triangle have length 14. What is the hypotenuse?
2. Do the lengths 8, 16, 20 make a right triangle? If not, is the triangle obtuse or acute?
3. In a 30-60-90 triangle, what do the 30, 60, and 90 refer to?

Know What? A restaurant is building a wheelchair ramp. The angle of elevation for the ramp is 5°. If
the vertical distance from the sidewalk to the front door is 4 feet, how long will the ramp be (x)? Round
your answers to the nearest hundredth.

X

5

4 ft.

What is Trigonometry?

In this lesson we will define three trigonometric (or trig) ratios. Once we have defined these ratios, we will
be able to solve problems like the Know What? above.

Trigonometry: The study of the relationships between the sides and angles of right triangles.

The legs are called adjacent or opposite depending on which acute angle is being used.

A

b C

C a B

a is adjacent to /B a is opposite LA
b is ad jacent to LA b is opposite /B

¢ is the hypotenuse

Sine, Cosine, and Tangent Ratios

The three basic trig ratios are called, sine, cosine and tangent. For now, we will only take the sine, cosine
and tangent of acute angles. However, you can use these ratios with obtuse angles as well.

For right triangle AABC, we have:

opposite leg
hypotenuse

b

Sine Ratio: SinA = % or sin B = ¢

adjacent leg

5 cosA =2 orcosB=2¢
ypotenuse c c

Cosine Ratio:

opposite leg tan A —

a _b
ad jacent leg p O tan B = a

Tangent Ratio:

A
b G
C a B
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An easy way to remember ratios is to use SOH-CAH-TOA.

Sine = Opposite Cosine = Adjacent angent = Opposite
Hypotenuse Hypotenuse djacent

Example 1: Find the sine, cosine and tangent ratios of ZA.

A
5
c 12 2
Solution: First, we need to use the Pythagorean Theorem to find the length of the hypotenuse.
52+ 122 = ?
13=nh
. leg opposite tA 12 leg adjacent to LA )
sinA = == cosA = =,
hypotenuse 13 hypotenuse 13
leg opposite LA 12
tanA = = —

 leg adjacent to LA 5

A few important points:

o Always reduce ratios (fractions) when you can.
o Use the Pythagorean Theorem to find the missing side (if there is one).
o If there is a radical in the denominator, rationalize the denominator.

Example 2: Find the sine, cosine, and tangent of /B.

A C
5
15
B
Solution: Find the length of the missing side.
AC? + 5% = 152
AC? =200
AC = 10V2
10V2 242 5 1 10V2
inB= —— =>2'= B=— == tanB = —— = 22
Sin 15 3 COS 15 3 an 5 ‘/_

Example 3: Find the sine, cosine and tangent of 30°.

¥

30°

X
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Solution: This is a 30-60-90 triangle. The short leg is 6, y = 6 V3 and x = 12.

.6 1 , 6v3 3 . 6
sin 30 =13=3 cos 30 =13 —3 tan 30 —6——

2~
P
<l

Sine, Cosine, and Tangent with a Calculator

From Example 3, we can conclude that there is a fized sine, cosine, and tangent value for every
angle, from 0° to 90°. Your scientific (or graphing) calculator knows all the trigonometric values for any
angle. Your calculator, should have [SIN], [COS], and [TAN] buttons.

Example 4: Find the trigonometric value, using your calculator. Round to 4 decimal places.
a) sin 78°
b) cos60°
¢) tan 15°

Solution: Depending on your calculator, you enter the degree and then press the trig button or the other
way around. Also, make sure the mode of your calculator is in DEGREES.

a) sin 78° = 0.9781
b) cos60° = 0.5
c) tan 15° = 0.2679

Finding the Sides of a Triangle using Trig Ratios

One application of the trigonometric ratios is to use them to find the missing sides of a right triangle.

Example 5: Find the value of each variable. Round your answer to the nearest tenth.

a

22°

30

Solution: We are given the hypotenuse. Use sine to find b, and cosine to find a.

opposite 22°

@ hypotenuse

b a
in22° = — 990 _ 4
sin 30 cos 30
30-sin22° =»b 30-cos22° =a
b~11.2 a~278

Example 6: Find the value of each variable. Round your answer to the nearest tenth.
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42°

9

Solution: We are given the adjacent leg to 42°. To find ¢, use cosine and tangent to find d.

cos49° — ad jacent _ 9 tan 49° — op].Josite _ d
hypotenuse ¢ adjacent 9
c-cos42° =9 9-tan42° =d
9
¢ cos 42°

Anytime you use trigonometric ratios, only use the information that you are given. This will give the most
accurate answers.

Angles of Depression and Elevation

Another application of the trigonometric ratios is to find lengths that you cannot measure. Very frequently,
angles of depression and elevation are used in these types of problems.

Angle of Depression: The angle measured from the horizon or horizontal line, down.

_————————— —
-~ - Dangle of depression
l-_-‘

lln.,-'

-
-

P s ‘3 angle of elevation
Angle of Elevation: The angle measure from the horizon or horizontal line, up.

Example 7: A math student is standing 25 feet from the base of the Washington Monument. The angle
of elevation from her horizontal line of sight is 87.4°. If her “eye height” is 5 ft, how tall is the monument?

Solution: We can find the height of the monument by using the tangent ratio.
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h
tan 87.4° = —
an 25

h = 25-tan87.4° = 550.54

Adding 5 ft, the total height of the Washington Monument is 555.54 ft.
Know What? Revisited To find the length of the ramp, we need to use sine.

sin5° = —

Review Questions

e Questions 1-8 use the definitions of sine, cosine and tangent.
¢ Questions 9-16 are similar to Example 4.

e Questions 17-22 are similar to Examples 1-3.

Questions 23-28 are similar to Examples 5 and 6.

Questions 29 and 30 are similar to Example 7.

Use the diagram to fill in the blanks below.

E
f d
1. tanD = £
2. sinF =1
3. tanF:%
4. cosF:%
D. sinD:;
6. cosD = %

From questions 1-6, we can conclude the following. Fill in the blanks.

7. cos = sin F and sin =cosF.
8. tan D and tan F are of each other.

Use your calculator to find the value of each trig function below. Round to four decimal places.

9. sin24°
10. cos45°
11. tan88°
12. sin43°
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13. tan12°
14. cos79°
15. sin 82°
16. tan45°

Find the sine, cosine and tangent of ZA. Reduce all fractions and radicals.

17. A
20
12
B 16 c
18. B Q
45°
4
A
19. e
f\
B 5 A
20.
B 4 C
V
A
21. C
10
30°
A B
22. C
SL\‘
B 15 A

Find the length of the missing sides. Round your answers to the nearest tenth.
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23.

24.

25.

26.

27.

28.

29.

30.

32°

15

54° 24

>

u 218

oo

<

20 75"

16

Kristin is swimming in the ocean and notices a coral reef below her. The angle of depression is 35°
and the depth of the ocean, at that point is 250 feet. How far away is she from the reef?

The Leaning Tower of Piza currently “leans” at a 4° angle and has a vertical height of 55.86 meters.

How tall was the tower when it was originally built?

201
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55.86 m

Review Queue Answers
1. The hypotenuse is 14 V2.

2. No, 82 + 162 < 202, the triangle is obtuse.
3. 30°,60°, and 90° refer to the angle measures in the special right triangle.

4.6 Inverse Trigonometric Ratios

Learning Objectives

o Use the inverse trigonometric ratios to find an angle in a right triangle.
e Solve a right triangle.

Review Queue

Find the lengths of the missing sides. Round your answer to the nearest tenth.

12.7,

X

3. Draw an isosceles right triangle with legs of length 3. What is the hypotenuse?
4. Use the triangle from #3, to find the sine, cosine, and tangent of 45°.
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Know What? The longest escalator in North America is at the Wheaton Metro Station in Maryland. It
is 230 feet long and is 115 ft. high. What is the angle of elevation, x°, of this escalator?

Inverse Trigonometric Ratios

In mathematics, the word inverse means “undo.” For example, addition and subtraction are inverses of
each other because one undoes the other. When we apply inverses to the trigonometric ratios, we can find
acute angle measures as long as we are given two sides.

Inverse Tangent: Labeled tan™!, the “-1” means inverse.

A
b C
C a B
tan™! (—) = m/B tan™! (—) = m/A
a
Inverse Sine: Labeled sin™!.
b
sin~! (—) =m/B sin~! (C—l) =m/A
c c
Inverse Cosine: Labeled cos™!.
cos ™! (f) = m/B cos™! (é) = m/A
c c

In order to find the measure of the angles, you will need you use your calculator. On most scientific and
graphing calculators, the buttons look like [SIN7!],[COS™], and [TAN"']. You might also have to hit a
shift or 2 button to access these functions.

Example 1: Use the sides of the triangle and your calculator to find the value of ZA. Round your answer
to the nearest tenth of a degree.
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20

C 25 A
Solution: In reference to /A, we are given the opposite leg and the adjacent leg. This means we should
use the tangent ratio.

tanA = % = %. So, tan~! % = m/A. Now, use your calculator.

If you are using a TI-83 or 84, the keystrokes would be: [2"] [TAN](%) [ENTER] and the screen looks like:

[ tan?(4/5)

38.65930825]

m/A = 38.7°

Example 2: /A is an acute angle in a right triangle. Find m/A to the nearest tenth of a degree.

a) sinA = 0.68
b) cosA = 0.85
c) tanA = 0.34
Solution:

a) m/A = sin~! 0.68 = 42.8°
b) m/A = cos™1 0.85 = 31.8°
c) m/A = tan~'0.34 = 18.8°

Solving Triangles

To solve a right triangle, you need to find all sides and angles in a right triangle, using sine, cosine or
tangent, inverse sine, inverse cosine, or inverse tangent, or the Pythagorean Theorem.

Example 3: Solve the right triangle.

A
24

C 30 B

Solution: To solve this right triangle, we need to find AB,m/C and m/B. Only use the values you are
given.

AB: Use the Pythagorean Theorem.
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m/B: Use the inverse sine ratio.

m/C: Use the inverse cosine ratio.

24% + AB? = 30°
576 + AB*> = 900
AB? = 324

AB = V324 = 18

sinB—%—Z—l
30 5

sin~! (g) = 53.1° = m/B

24 4
C = — = —
COS 30 5

— cos™! (g) = 36.9° = msC

Example 4: Solve the right triangle.

B
62° A

25
C

Solution: To solve this right triangle, we need to find AB, BC and m/A.

AB: Use sine ratio.

BC: Use tangent ratio.

m/A: Use Triangle Sum Theorem

Example 5: Solve the right triangle.

25
in62° = —
Sin AB
25
~ sin62°
AB ~ 28.31

2
tan 62° = —5
BC

25
" tan62°
BC ~ 13.30

62° +90° 4+ mzA = 180°
m/A = 28°
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15

Cc A

Solution: The two acute angles are congruent, making them both 45°. This is a 45-45-90 triangle. You
can use the trigonometric ratios or the special right triangle ratios.

Trigonometric Ratios

R 15 . o 15
tan45° = BC sin45° = c
15 15
— =1 AC = ~ 21.21
tan 45° g sin 45°

45-45-90 Triangle Ratios

BC = AB = 15,AC = 15V2 ~ 21.21

Real-Life Situations

Example 6: A 25 foot tall flagpole casts a 42 feet shadow. What is the angle that the sun hits the
flagpole?

25 ft,

e 42 ft: "

Solution: Draw a picture. The angle that the sun hits the flagpole is x°. We need to use the inverse
tangent ratio.

tanx = —
25
42
tan™! — ~ 59.2° =
an o5 59 X

Example 7: Elise is standing on top of a 50 foot building and sees her friend, Molly. If Molly is 35 feet
away from the base of the building, what is the angle of depression from Elise to Molly? Elise’s eye height
is 4.5 feet.

Solution: Because of parallel lines, the angle of depression is equal to the angle at Molly, or x°. We can
use the inverse tangent ratio.
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v

!\ / angle of
Sy \ depression
SN

||
|
7’

e \
T m o |

30 ft.

Know What? Revisited To find the escalator’s angle of elevation, use the inverse sine.

115
sin~! (ﬁ) = 30° The angle of elevation is 30°.

Review Questions

e Questions 1-6 are similar to Example 1.

e Questions 7-12 are similar to Example 2.

e Questions13-21 are similar to Examples 3 and 4.

e Questions 22-24 are similar to Examples 6 and 7.

e Questions 25-30 are a review of the trigonometric ratios.

Use your calculator to find m/A to the nearest tenth of a degree.

L. B
10 18
G A
2 B
9 15
c A
3 45
B A
32
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4. c 28

A
23
B
5 A
16
11
C B
6 c
6
A 10 B

Let /A be an acute angle in a right triangle. Find m/A to the nearest tenth of a degree.

7. sinA = 0.5684

8. cosA =0.1234

9. tanA = 2.78
10. cos™10.9845
11. tan'15.93
12. sin™10.7851

Solving the following right triangles. Find all missing sides and angles. Round any decimal answers to the
nearest tenth.

13. B
12
52°
C A
14. C 12 A
4
B
15. A
10
7
C B
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16. 24
30°

C
17. C
/\
18. B
32
40°
G A
19. C
]
15° [
B A
20. B
C
32° L
56
A
21. C
/0\
A 25 B

Real-Life Situations Use what you know about right triangles to solve for the missing angle. If needed,
draw a picture. Round all answers to the nearest tenth of a degree.

22. A 75 foot building casts an 82 foot shadow. What is the angle that the sun hits the building?

23. Over 2 miles (horizontal), a road rises 300 feet (vertical). What is the angle of elevation?

24. A boat is sailing and spots a shipwreck 650 feet below the water. A diver jumps from the boat and
swims 935 feet to reach the wreck. What is the angle of depression from the boat to the shipwreck?

Examining Patterns Below is a table that shows the sine, cosine, and tangent values for eight different
angle measures. Answer the following questions.
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Table 4.2:

10° 20° 30° 40° 50° 60° 70° 80°
Sine 0.1736 0.3420 0.5 0.6428 0.7660 0.8660 0.9397 0.9848
Cosine 0.9848 0.9397 0.8660 0.7660 0.6428 0.5 0.3420 0.1736

Tangent  0.1763 0.3640 0.5774 0.8391 1.1918 1.7321 2.7475 5.6713

25. What value is equal to sin 40°7

26. What value is equal to cos 70°?7

27. Describe what happens to the sine values as the angle measures increase.
28. Describe what happens to the cosine values as the angle measures increase.
29. What two numbers are the sine and cosine values between?

30. Find tan 85°,tan 89°, and tan 89.5° using your calculator. Now, describe what happens to the tangent
values as the angle measures increase.

Review Queue Answers

1. sin36° = ; cos 36° = %
y=4.11 x=5.66
o 40 o
2. cos12.7° = =- tan 12.7° = 4y_0
x =41.00 y=9.01
3.

3345

3
h4R0 — 3 _ V2
4. sin4b =35 = \Qf
o_ _3 _ N2
cos 45 =35 2
tan45° =3 =1

4.7 Chapter 8 Review

Keywords & Theorems

The Pythagorean Theorem

o Pythagorean Theorem
o Pythagorean Triple
e Distance Formula

The Pythagorean Theorem Converse

e Pythagorean Theorem Converse
e Theorem 8-3
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e Theorem 8-4
Similar Right Triangles

e Theorem 8-5
¢ Geometric Mean

Special Right Triangles

o Isosceles Right (45-45-90) Triangle
e 30-60-90 Triangle
e 45-45-90 Theorem
e 30-60-90 Theorem

Tangent, Sine and Cosine Ratios

e Trigonometry

o Adjacent (Leg)

o Opposite (Leg)

e Sine Ratio

e Cosine Ratio

o Tangent Ratio

o Angle of Depression
e Angle of Elevation

Solving Right Triangles

e Inverse Tangent
e Inverse Sine
o Inverse Cosine

Review

Fill in the blanks using right triangle AABC.

1. a® + 2=¢2
. _ b
2. sin = Ef
3. tan = i
4. cos :g
1(f) _
5. tan (z) =

211
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6. sm_1(£ =

7. Tt d* =D
7 _ b

9. $=+<

10. 4=1

Solve the following right triangles using the Pythagorean Theorem, the trigonometric ratios, and the inverse

trigonometric ratios. When possible, simplify the radical. If not, round all decimal answers to the nearest
tenth.

11. B

64°

b=

—_
N
(@]

(4]
;a
pd

—_
w
m
>

N
B
a——
[0 0]

C B
14. 50
B
60° A
C
15. C
/\
A 49 B
16. B

-

O
r

17. ¢

27°

17
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18. g

724
A = C
19.
A 12 B
i |
8
C

Determine if the following lengths make an acute, right, or obtuse triangle. If they make a right triangle,
determine if the lengths are a Pythagorean triple.

20. 11, 12, 13
21. 16, 30, 34
22. 20, 25, 42
23. 106, 30,10V15
24. 22, 25, 31
25. 47, 27, 35

Find the value of x.

6
18 X
27.
20
X
22

28.

™~ 14 32 Lal )

X

N

29. The angle of elevation from the base of a mountain to its peak is 76°. If its height is 2500 feet, what
is the length to reach the top? Round the answer to the nearest tenth.

30. Taylor is taking an aerial tour of San Francisco in a helicopter. He spots AT&T Park (baseball
stadium) at a horizontal distance of 850 feet and down (vertical) 475 feet. What is the angle of
depression from the helicopter to the park? Round the answer to the nearest tenth.
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Texas Instruments Resources

In the CK-12 Texas Instruments Geometry FlexBook, there are graphing calculator activities
designed to supplement the objectives for some of the lessons in this chapter. See http:
//www.ck12.org/flexr/chapter/9693.

4.8 Study Guide

Keywords: Define, write theorems, and/or draw a diagram for each word below.
1% Section: The Pythagorean Theorem

Pythagorean Theorem

Pythagorean Triple

Distance Formula

A

b C

& a B
Homework:

2" Section: The Pythagorean Theorem Converse
Pythagorean Theorem Converse

Theorem 8-3

Theorem 8-4

A

b

C a B
Homework:

3" Section: Similar Right Triangles
Theorem 8-5

Geometric Mean

D B
Homework:
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4™ Section: Special Right Triangles
Isosceles Right (45-45-90) Triangle

] |
1
X

30-60-90 Triangle
45-45-90 Theorem
30-60-90 Theorem

1 60°
X

Homework:

5" Section: Tangent, Sine and Cosine Ratios
Trigonometry

Adjacent (Leg)

Opposite (Leg)

Sine Ratio

Cosine Ratio

Tangent Ratio

Angle of Depression

Angle of Elevation

A

b C

C a B
Homework:

6" Section: Solving Right Triangles

Inverse Tangent
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Inverse Sine
Inverse Cosine

Solving Right Triangles

A

b C

C a B
Homework:
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Chapter 5

Circles

First, we will define all the parts of circles and explore the properties of tangent lines, arcs, inscribed
angles, and chords. Next, we will learn about angles and segments that are formed by chords, tangents
and secants. Lastly, we will place circles in the coordinate plane and find the equation of and graph circles.

5.1 Parts of Circles & Tangent Lines

Learning Objectives

e Define the parts of a circle.
e Discover the properties of tangent lines.

Review Queue

. Find the equation of the line with m = % and y—intercept of 4.

. Find the equation of the line with m = —2 and passes through (4, -5).

. Find the equation of the line that passes though (6, 2) and (-3, -1).

. Find the equation of the line perpendicular to the line in #2 and passes through (-8, 11).

=W N =

Know What? The clock to the right is an ancient astronomical clock in Prague. It has a large background
circle that tells the local time and the “ancient time” and the smaller circle rotates to show the current
astrological sign. The yellow point is the center of the larger clock. How does the orange line relate to the
small and large circle? How does the hand with the moon on it relate to both circles?
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Defining Terms

Circle: The set of all points that are the same distance away from a specific point, called the center.

The center of the circle is point A. We call this circle, “circle A,” and it is labeled (+) A.

Radii (the plural of radius) are line segments. There are infinitely many radii in any circle and they are
all equal.

Radius: The distance from the center to the circle.
Chord: A line segment whose endpoints are on a circle.
Diameter: A chord that passes through the center of the circle.

Secant: A line that intersects a circle in two points.

diameter

tangent

p point of tangency

The tangent ray TP and tangent segment TP are also called tangents.
The length of a diameter is two times the length of a radius.

Tangent: A line that intersects a circle in exactly one point.

Point of Tangency: The point where the tangent line touches the 